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Geotechnical stability analysis is usually performed by a variety of approximate methods that 
are based on the theory of limit equilibrium. Although they are simple and appeal to 
engineering intuition, these techniques need to presuppose an appropriate failure mechanism 
in advance. This feature can lead to inaccurate predictions of the true collapse load, especially 
for problems involving heterogeneous soil profiles, complex loading, or three-dimensional 
deformation fields. A much more attractive approach for assessing the stability of 
geostructures is to use lower and upper limit analysis incorporated with finite elements and 
mathematical optimization developed in 1970s, which do not require assumptions to be made 
about the mode of failure. These methods are very general and use only simple strength 
parameters that are familiar to geotechnical engineers. Since lower bound limit analysis can 
provide a safe design for engineers, the present thesis illustrates the application of this method 
to obtain the numerical solutions for various plane strain and axisymmetric stability problems. 
To ensure that the finite element formulation leads to a second-order cone programming 
(SOCP) problem, the yield criterion for plane strain and axisymmetric cases is formulated as a 
set of second-order cones. For solving different problems, computer programs are developed 
in MATLAB, and the toolbox MOSEK for conic programming is used. It is found that the 
present method in this thesis provides a computationally more efficient method for numerical 
lower bound limit analyses of plane strain and axisymmetric limit analysis. 
In the first part of this thesis, axisymmetric lower-bound limit analysis is applied to 
evaluate the bearing capacity of circular footings, the ultimate capacity of circular anchors 
and multi-plate helical anchors. It has been shown that the proposed axisymmetric 
formulation will be quite useful for solving various axisymmetric geotechnical problems in a 
rapid manner. However, it should be pointed out that for a circular footing or anchor under 
general loading which has been widely used in offshore foundation design, the axisymmetric 
assumption is invalid, and we have to resort to three-dimensional limit analysis, which is still 
a challenging problem. 
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In a second part of this thesis, a set of rigorous investigations of geotechnical problems 
in plane strain condition such as the effect of soil inertia on the ultimate capacity of anchors 
and passive earth pressure on rigid walls, and the effect of footing width on the bearing 
capacity factor Nγ and failure envelopes of shallow foundations, are presented. Consideration 
is given to the wide range of parameters that influence the stability of geostructures. Based on 
the numerical results, some simple equations are proposed to approximate the ultimate 
capacity of geostructures. From the examples studied in this thesis, it is expected that the 
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All variables used in this thesis are defined as they are introduced into the text. For 
convenience, frequently used variables and their units are described as below. The general 
convention adopted is that vector and matrix variables are shown in bold print, while scalar 
variables are shown in italic. 
x1  global vector of unknown nodal stress 
x2  non-negative vector transforming inequalities to equalities 
x3  global vector consisting of a set of second-order cones 
c1  vector of coefficients related to x1 
c2  vector of coefficients related to x2 
c3  vector of coefficients related to x3 
A1  constraint matrix related to x1 
A2  constraint matrix related to x2 
A3  constraint matrix related to x3 
B  right hand side for equalities 
y  dual solution 
xi, yi  x- and y-coordinate at i
th
 node 
A  area of element 
c  soil cohesion 
su  undrained shear strength 
Qu  ultimate bearing capacity 
Q  applied load 
ϕ  friction angle of soil 
γ  unit weight of soil 
B  problem dimensionality, e.g. footing or anchor width 
B
*
  reference footing width 
D  diameter of circular anchor plate or footing 
xvi 
 
R  radius of anchor plate or footing 
H  anchor embedment depth 
λ  embedment depth ratio, i.e. H/B 
α  load inclination or anchor inclination 
e  load eccentricity 
Nc  anchor break-out factor from soil cohesion 
Nγ  anchor break-out factor from unit weight of soil 
Nγ
*
  reference value of Nγ corresponding to B
*
 
σ  stress vector 
σx  normal stress variable in x-direction 
σy  normal stress variable in y-direction 
τxy  shear stress variable 
σr  normal stress variable in r-direction 
σz  normal stress variable in z-direction 
σθ  hoop/circumferential stress 
τrθ  shear stress variable 
σn  normal stress along the stress discontinuity 
τt  shear stress along the stress discontinuity 
σa  atmospheric pressure 
σm  mean normal stress 
p
*
  reference base pressure 
a

, ξ   parameters introduced to express the assumed linearity 
β  parameter accounting for the effect of footing width or backfill inclination 
kh, kv  earthquake acceleration coefficient in horizontal and vertical direction 
1 2 3, ,  linear cone or Cartesian product of 3-dimensional second-order cones 
1 2 3, ,  dual cone of 1 2 3, ,  
V  vertical load 
xvii 
 
H  horizontal load 
M  moment load 
Vmax  the maximum value of the vertical load 
h  the horizontal dimension of the chosen domain 
L  the vertical dimension of the chosen domain 
N1, N2, N3 linear shape functions 
NE  number of elements 
ND  number of edges between two adjacent elements 
NB  number of loaded segments 
NF  number of nodes in the footing-soil interface 
Kpγ  passive earth pressure coefficient due to soil weight 
θ  wall inclination 
δ  roughness of the soil-structure interface 




Chapter 1 Introduction 
1.1 General 
In any geotechnical project, stability during construction is basic design check due to safety 
reasons, particularly for the case in urban environments where the consequence of a structural 
collapse will be significant. Stability analysis is used to predict the maximum load that can be 
supported by a geostructures without inducing failure. This ultimate load, which is also 
known as the limit or collapse load can be used to determine the allowable working load 
(Sloan 2013). Solutions to these problems are often obtained from the limit theorems of 
classical plasticity. The material is assumed to obey an associated flow rule and exhibits rigid 
perfectly plastic behavior. Historically, geotechnical stability analysis was performed by 
various techniques based on the notion of limit equilibrium. Although simple, these 
techniques need to presuppose an appropriate failure mechanism in advance. This feature can 
lead to inaccurate predictions of the true failure load, especially for cases involving 
heterogeneous soil profiles (e.g., layered profiles or spatially random soils), complex 
boundaries (including loadings), or complex geometries. 
Recent advances in the capacity and speed of computers, coupled with new methods of 
analysis, have made plastic analysis computationally practical. Two different types of plastic 
analysis, incremental and asymptotic, have been developed and pursued. The incremental 
approach incorporates the effects of elasticity and when used with the displacement-based 
finite element method, permits both displacement and limit loads to be predicted. The limit 
loads, however, are only obtained after the complete load-deformation path has been 
determined, which may be extremely time-consuming for spatially random soil profiles. 
Although the computational time may be acceptable for a single simulation, it may be 
unacceptable for probabilistic analyses especially for small failure probability, where a large 
number of deterministic simulations are needed. 
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The asymptotic approach, on the other hand, is based on the upper and lower bound 
theorems of classical plasticity and gives estimates of the limit loads directly. Since failure by 
plastic collapse is the basic design check in all geotechnical problems, this method has been 
applied to many problems in geomechanics. According to the upper bound theorem, the 
collapse load calculated from a kinematically admissible failure mechanism is an upper bound 
to the actual collapse load. On the other hand, the lower bound theorem states that the 
collapse load calculated from a statically admissible stress field, which is defined as a stress 
field satisfying stress boundary conditions, equilibrium, and never violates the yield criterion, 
is a lower bound to the actual collapse load. In practice, however, the lower bound theorem 
has been applied to soil mechanics less frequently than the upper bound theorem as it is 
considerably easier to construct a kinematically admissible velocity field than a statically 
admissible stress field. Recent combination of limit analysis and finite elements has offered 
interesting possibilities to solve complex problems quickly. The following inherent 
advantages are noted: 
1. A complete specification of the stress-strain relationship utilized in the conventional 
finite element method is not needed; instead, only soil shear strength parameters are 
required. 
2. No assumptions regarding either the shape or the geometry of the collapse 
mechanism and the stress distribution along the slip surface are required. 
3. The method can be easily adopted for problems with complicated geometry, 
boundary conditions or loadings. Moreover, it is convenient and practical to account 
for spatial variability of soil properties, compared with conventional finite element 
analyses. 
Since a lower bound limit analysis gives a safe estimate of the limit load, attention of this 
thesis is focused on the application of a lower bound limit analysis to plane strain and 
axisymmetric stability problems in geotechnical engineering. The lower bound limit analysis 
is implemented using finite elements and second-order cone programming (SOCP). The 
Mohr-Coulomb yield criterion is assumed to be applicable in all the cases. The associated 
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computer programs for the different problems are written in MATLAB and the toolbox 
MOSEK is employed for performing the SOCP. 
1.2 Motivation for the present study 
In the recent years, a number of papers have been published dealing with the application of 
the numerical limit analysis mainly for plane strain problems (Lysmer 1970; Pastor 1978; 
Bottero 1980; Sloan 1988; Merifield 2002; Ukritchon et al. 2003; Bandini 2003; Hjiaj et al. 
2004, 2005; Ciria et al. 2008). A few studies for the three-dimensional problems have also 
reported in Lyamin and Sloan (2002a, b, and 2008); Salgado et al. (2004); Merifield et al. 
(2003, 2006); Lyamin et al. (2007); Krabbenhøft et al. (2008); and Martin and 
Makrodimopoulos (2008). However, the results for axisymmetric case were limited (e.g. 
Pastor and Turgeman (1982); Khatri and Kumar (2009a, b); and Kumar and Khatri (2011)). In 
these work, the yield criterion was still linearized which resulted in a linear programming 
problem. Although the computational efficiency was improved by Khatri and Kumar (2009a), 
compared with the work of Pastor and Turgeman (1982), it is still a challenging task to deal 
with a large-scale linear programming problem. Therefore, as a follow-up to Khatri and 
Kumar (2009a), this thesis presents a new axisymmetric lower bound finite element 
formulation. Using the proposed method, the bearing capacity factors Nc and Nγ are obtained 
for circular footings. In addition, the break factors Nc and Nγ are determined for single circular 
anchor embedded in clay or sand. Furthermore, a much more difficult problem related to the 
ultimate capacity of multi-plate helical anchors will also be addressed. 
The second part of this thesis is related to seismic stability of inclined anchors in 
frictional soils and passive earth pressure on a rigid retaining structure using the pseudo-static 
analysis. Seismic stability of anchors has been studied by using limit equilibrium technique 
(Choudhury and Rao 2004, 2005), simple or analytical upper bound limit analysis (Ghosh 
2009, 2010), and the method of stress characteristics (Kumar and Rao 2004). Recently, 
Bhattacharya and Kumar (2012) implemented this method into seismic pullout capacity of 
vertical anchors. However, very few rigorous solutions related to stability of inclined anchors 
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embedded in sand are available, under vertical and horizontal seismic loadings. Therefore, in 
this thesis, numerical lower bound limit analysis with SOCP is used to establish the effect of 
soil inertia on the stability of an inclined anchor in sand. For seismic passive earth pressure, 
current practice relies on an extension of the Coulomb theory with assuming planar failure 
surfaces, originally proposed by Okabe (1924) and Mononobe and Matsuo (1929) and hence 
referred as the Mononobe-Okabe method (Seed and Whitman 1970; Richards et al. 1979; Wu 
and Finn 1999; Fardis et al. 2005). It has been well recognized that Mononobe-Okabe 
equation may result in unconservative estimates if the wall interface roughness is greater than 
half the soil friction angle. In the present thesis, rigorous solutions for the passive earth 
pressure under seismic loading are obtained by using numerical lower bound limit analysis 
with SOCP. 
The problem of the capacity of foundations under combined loadings is of great interest 
in geotechnical engineering. In the offshore oil and gas industry, foundations are usually 
subjected to horizontal loads and moment due to wind and wave forces. In practice, several 
types of offshore foundations are essentially shallow footings (for example the spudcan 
footings of jack-up units, mudmats for fixed jackets, concrete gravity bases and the caisson 
foundations that have been recently developed) (Houlsby & Puzrin 1999). In this case, we 
first investigate the bearing capacity of strip footings on slope under undrained combined 
loading. Secondly, the effect of footing width on the bearing capacity factor and failure 
envelopes of shallow foundations on sand under combined loading. It has been shown that the 
soil friction angle ϕ decreases with an increase in the stress level (Bolton 1986; Graham and 
Hovan 1986; Ueno et al. 1998, 2001; Maeda and Miura 1999), and thus the bearing capacity 
factor Nγ will decrease substantially with an increase in the footing size B. This problem can 
be studied by using the method of stress characteristics (Graham and Stuart 1971; Graham 
and Hovan 1986; Ueno et al. 2001; Zhu et al. 2001; Lau and Bolton 2011), the finite element 
analysis (Okamura et al. 2002), and the finite element formulation of lower bound limit 
analysis with linear programming approach (Kumar and Khatri 2008a, b). However, the 
effects of load inclination and eccentricity on the bearing capacity of shallow foundations on 
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sand have not been investigated rigorously with considering the stress level, except for the 
work of Okamura et al. (2002), who examined the effects of load eccentricity and footing 
shape. In the present thesis, the lower bound limit analysis incorporated with finite elements 
and SOCP is employed to study the variation of the bearing capacity factor Nγ and the failure 
envelopes lying in the H-V, V-M/B, or H-M/B load plane. 
1.3 Objectives and scope of the thesis 
As mentioned before, the scope of the thesis is limited to lower bounds only. The upper 
bounds and the deformation of the soil are not covered here. The primary objectives of the 
thesis are: 
 Use a lower bound limit analysis in conjunction with finite elements and SOCP to 
investigate the effect of footing size (also known as the scale effect) on the ultimate 
capacity of shallow foundations in frictional soils. The results include the bearing 
capacity factor Nγ and failure envelopes related to different load combinations. 
 Investigate the bearing capacity of strip footings on slope under undrained combined 
loading and derive a set of approximate solutions, which allows practical engineers to 
use easily. 
 Propose an efficient method to compute the lower bound of an axisymmetric problem 
in limit analysis, in which the yield criterion is formulated as a set of second-order 
cones. This method is then applied to different axisymmetric geotechnical stability 
analyses such as bearing capacity of a circular footing, anchor, and multi-plate helical 
anchors. 
 Apply the present method for plane strain case to account for the effect of earthquake 
on the geotechnical stability of geostructures such as stability of inclined anchors, and 
passive earth pressure on rigid walls. 
1.4 Thesis organization 
The thesis is organized as follows. In Chapter 2, a brief review of the development of 
numerical lower bound limit analysis is presented. Then, the lower-bound limit analysis both 
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for plane strain and axisymmetric cases in conjunction with finite elements are then 
formulated as SOCP problems. 
Chapter 3 briefly introduces the SOCP framework and presents, next, the main ideas 
about feasible primal-dual, path-following interior point methods. Additionally, the canonical 
form required for general purpose conic solvers is shown, together with the main features of 
toolbox MOSEK and its implementation. 
A new method for axisymmetric lower bound limit analysis introduced in Chapter 3 is 
applied to evaluate the bearing capacity of circular foundations, ultimate capacity of circular 
anchors and multi-plate helical anchors as illustrated in Chapter 4. The obtained results are 
validated with the existing solutions. 
Chapter 5 investigates the effect of soil inertia on the ultimate capacity of inclined 
anchors and passive earth pressure on rigid walls in frictional soils. By combining the upper-
bound solutions, the present results can bound the actual collapse load accurately. Some 
design tables for the dimensional factors are provides for practical design subsequently. 
Chapter 6 presents an extensive investigation of the bearing capacity of strip footings on 
slope under undrained combined loading. Based on the lower bound solutions, a set of Green-
type solutions are derived, which are generalization of the Green solution for obliquely loaded 
strip footings. 
In Chapter 7, the effect of the footing size on the bearing capacity factor Nγ and failure 
envelopes of shallow foundations on frictional soils under combined loading is investigated. 
The results are compared with the existing solutions in literature. 
Finally, Chapter 8 addresses the main conclusions, limitations of the present work and 




Chapter 2 Numerical lower bound limit analysis 
2.1 Literature review 
The development of lower bound limit analysis incorporated with finite elements and 
mathematical optimization can be categorized into three types such as linear programming, 
nonlinear programming, and conic programming (e.g. SOCP for 2-dimensional problems, and 
semidefinite programming (SDP) for 3-dimensional cases). In the following, we will briefly 
introduce the above three methods. 
In the pioneering work of Lysmer (1970), a rational method for finding good statically 
admissible stress fields for problems involving arbitrary geometry and stress boundary 
conditions was proposed. This method has many superficial similarities with the finite 
element method used for elastic structures, but a closer study will show that it is 
fundamentally different from this method (Lysmer 1970). Unlike the usual form of the finite 
element method, each node is unique to a particular element and more than one node may 
share the same co-ordinates. Consequently, statically admissible stress discontinuities are 
permitted between adjacent elements which can greatly improve the accuracy of the final 
results (Chen 1975; Lysmer 1970; Bottero et al. 1980; Sloan 1988). In the formulation, 
Lysmer employed a simple three-node triangular element with the nodal normal and shear 
stresses being taken as the problem variables. The stresses need to satisfy the element 
equilibrium and boundary conditions. Although the formulation proposed by Lysmer (1970) 
requires a smaller number of variables, and hence is potentially more efficient, it often yields 
a constraint matrix with terms of widely varying magnitude. This occurs, for example, if long 
thin elements are used or if a large number of segments are used to linearize the yield 
condition (Sloan 1988). Because of this, following the work of Lysmer, other researchers such 
as Anderheggen and Knöpfel (1972), Pastor (1978), and Bottero et al. (1980), proposed an 
alternative lower bound formulation for two-dimensional problems in terms of nodal stresses 
in the Cartesian frame. It was demonstrated that this formulation generally results in a 
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constraint matrix whose terms vary by only a few orders of magnitude. As can be expected, 
the condition number of the constraint matrix plays a critical role in the performance of linear 
programming algorithms. In order to arrive at the final linear programming problem, the yield 
condition was linearized by adopting an internal polyhedral approximation to the actual yield 
surface so that nonlinear inequalities are replaced by a series of linear inequalities. As a result, 
the problem of finding a statically admissible stress field which maximizes the collapse load 
is reduced to a linear programming problem which can be solved by simplex algorithm 
(Lysmer 1970). However, conventional simplex method for linear programming was shown to 
be relatively ineffective for large problems. Therefore, Sloan (1988) introduced a formulation 
based on an active set algorithm that permits large two-dimensional problems to be solved 
efficiently. Andersen and Christiansen (1995) solved large problems by developing a bespoke 
interior-point algorithm for linear programming. Additionally, Pastor et al (2003) exploited 
the capabilities of the commercial linear programming code XA based on the interior-point 
method. 
Given the nonlinearity of yield surface, the emergence of efficient algorithms for large-
scale non-linear optimization has been a gradual move away from linear program based 
methods for limit analysis over the last decades, which permits use of the original nonlinear 
form of the yield criterion. The work of Hodge (1964) may be the first contribution to lower 
bound limit analysis using nonlinear programming solutions. Following the terminology of 
Zouain et al. (1993) using nonlinear programming algorithm based on the method of feasible 
directions, Lyamin and Sloan (2002a) modified the algorithm and applied it to various 
geotechnical problems. Lyamin reported that this method typically offered at least a 50-fold 
reduction in CPU time for a large scale two-dimensional problem. On the other hand, 
Krabbenhøft et al. (2005) developed a new interior point algorithm for a general (smooth) 
non-linear yield function. However, general nonlinear programming algorithms employed by 
Lyamin and Sloan (2002a) and Krabbenhøft et al. (2005) require the yield function to be 
twice continuously differentiable, so that calculations involving its gradient and Hessian need 
to be performed. As a consequence, in order to face the issue of non-differentiability such as 
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in Mohr-Coulomb criteria, Lyamin and Sloan (2002a) used a hyperbolic approximation to 
smooth the Mohr-Coulomb yield surface in the vicinity of the apex. Although this solves the 
problem of non-differentiability, Makrodimopoulos & Martin (2006) pointed out that no 
reasonable constraint qualification (needed to establish the Karush-Kuhn-Tucker conditions) 
is satisfied at the apex point σx=σy=c·cotϕ, and τxy=0, because the gradient of the squared yield 
function vanishes where the inequalities intersect. Moreover, the Hessian of the squared yield 
function is not positive definite, and this may have important consequences for the efficient 
computation of the search direction at each iteration. This entire issue is very complicated, but 
it would seem that considerable caution is needed if a derived yield criterion such as Mohr-
Coulomb is employed. Furthermore, since the Hessian of Mohr-Coulomb yield function is 
singular, it is inconvenient for general nonlinear programming algorithms which need to 
invert the block diagonal matrix of Hessians at per iteration. Therefore, to do this efficiently, 
it is a common practice to regularize each Hessian by adding a small positive multiple of 
either the identity matrix (Lyamin and Sloan 2002a; Krabbenhøft et al. 2005) or some other 
perturbation matrix (Pontes et al 1997). In choosing the small multiple there is obviously a 
tradeoff between the stability of the inversion and the accuracy of the calculated search 
direction. Although simple strategies such as those employed by Lyamin and Sloan (2002a) 
and Pontes et al. (1997) appear to perform satisfactorily in practice, it is also possible for the 
perturbations to be adapted dynamically to achieve a balance between stability and accuracy. 
Since some common yield functions can be cast into a set of conic constraints 
(Krabbenhøft et al. 2007), conic programming has been applied to numerical lower bound 
limit analysis. According to the rigorous theory proved by Christiansen (1996) which 
illustrated that there is a strong duality between the static and kinematic principles of limit 
analysis, Ciria (2004, 2008) firstly introduced strict static and kinematic space to discretize 
the static principle or kinematic principle which can give the strict lower and upper bounds of 
the collapse load using SOCP. In this way, the evaluation of both upper and lower bounds 
makes it possible to derive rigorous mesh adaptive procedures based on local error measures 
which are a decomposition of the difference between upper and lower bounds. In fact, Ciria’s 
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work can also be viewed as an extension of the work of Anderheggen and Knöpfel (1972) 
which unified the formulation of numerical lower and upper limit analysis in terms of stresses 
or velocities, and the use of an efficient primal-dual interior point method can give the 
solutions of primal and dual problems simultaneously. However, the above procedure only 
considers the von-Mises yield surface. Muñoz et al. (2009) extended the work of Ciria (2008) 
to deal with cohesive-frictional materials and constructed a novel error estimate based on 
elemental and edge contributions to the bound gap, which are employed in an adaptive 
remeshing strategy able to reproduce fan-type mesh patterns around points with discontinuous 
surface loading. Makrodimopoulos and Martin (2006) presented a method for obtaining strict 
lower bound solutions of cohesive-frictional materials using SOCP, where the Mohr-Coulomb 
criterion is expressed as a set of second-order cones. It has been shown that very large 
optimization problem with up to 700,000 variables can be solved efficiently. Compared with 
linear or nonlinear programming, SOCP keeps the original form of the yield criteria. Another 
important advantage of using SOCP is that the singular apex point of the Mohr-Coulomb 
yield function poses no difficulty involved in general nonlinear programming algorithms. In 
fact, SOCP also encompasses several important classes of nonlinear optimization as special 
cases including minimization of a sum of norms, convex quadratic programming, and convex 
quadratically constrained linear programming. 
In spite of these advances in numerical lower bound limit analysis, research was mainly 
focused on two-dimensional problems. Given that it is impractical to linearize the yield 
criterion in 3D, linear programming is usually not applicable to 3D problems in numerical 
lower bound limit analysis. On the other hand, in principal stress space, the Mohr-Coulomb 
criterion consists of six linear planes which intersect to form the yield envelope, and these 
intersections give rise to discontinuities in the yield surface gradient which is a considerable 
complication when applying common optimization methods to solve limit analysis problem 
(Krabbenhøft et al 2008). This is probably the primary reason that very few attempts at 
solving three-dimensional Mohr-Coulomb limit analysis problems have been made. Lyamin 
and Sloan (2002a, b) may be the first authors to study three-dimensional problems 
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systematically using nonlinear programming. As mentioned above, the original singular yield 
criterion is replaced by the smooth approximation in these formulations. Although the use of 
such a criterion does improve the convergence characteristics, past numerical experience 
indicates a poorer performance than in the case of yield criteria without singularities and areas 
of high curvature, especially for problems involving a small cohesion or a large friction angle. 
Subsequently, Yang et al. (2003) exploited the sequential quadratic programming to solve the 
nonlinear optimization problem. More recently, the work of Krabbenhøft et al. (2007) 
demonstrated that Drucker-Prager and von Mises yield function can be expressible as second-
order cones in 3D, and Tresca, Mohr-Coulomb or Hoek-Brown criteria in 3D are semidefinite 
cones. As a consequence, conic programming such as SOCP for Drucker-Prager and von 
Mises yield criteria and SDP for Tresca, Mohr-Coulomb or Hoek-Brown criteria can be 
applied to three-dimensional lower bound limit analysis (Martin and Makrodimopoulos 
2008). Therefore, the very problematic three-dimensional Mohr-Coulomb criterion can be 
handled in the same efficient and robust manner as, for example, the von Mises criterion. 
The main objective of Martin and Makrodimopoulos (2008) and Krabbenhøft et al. 
(2008) is not to solve particular problems, but simply to show that SDP can be used to obtain 
optimal solutions. In fact, the common algorithm of SDP can solve 3D analyses of moderate 
size (several thousand tetrahedral elements) with encouraging results in terms of efficiency. 
Therefore, it is possible to develop a new algorithm for larger and more complex problems of 
classical limit analysis in 3D, since SDP is a topic of great interest to researchers in 
mathematical programming. 
2.2 Finite element lower bound limit analysis 
2.2.1 Formulation for plane strain problems 
The sign convention as shown in Figure 2.1(a) is used in this thesis, where the tensile stress is 
taken as positive. For two-dimensional problems, the triangular element used to model the 
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where
, ,,x i y i and ,xy i are the nodal stresses and iN are linear shape functions which are given 
by 
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with three nodal coordinates (xi, yi), i=1,2, and 3 in each element; and the coefficients in Eq. 
(2.2.2a) are given by 
 
Figure 2. 1. Plane strain case: (a) stress sign convention; (b) 3-noded triangular element; (c) stress 
discontinuity; (d) stress boundary conditions 
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and      1 2 2 1 1 3 2 3 3 2 3 12A x x y y x x y y           is twice the elemental area. 
Elemental equilibrium constraints: for each element, we denote the elemental stress vector 
by
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Here two symbols kh and kv are the earthquake acceleration coefficients in horizontal and 
vertical direction, respectively. In particular, if kh=0 and kv=0, it corresponds to the static case. 
Inserting the finite element formulation as shown by equation (2.2.1) into (2.2.3) will generate 
two equality constraints 
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where NE denotes the total number of elements in the mesh,   2 0 2 1e h vAk A k 
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The constraint as shown in Eq. (2.2.4a) is assembled to obtain the following global constraint 
   
     equil 9 1 2 12 9 NE NENE NE         A f                                   (2.2.4c) 
Constraints for statically admissible discontinuities: as shown in Figure 2.1(c), according to 
the Cauchy’s fundamental lemma which is equivalent to Newton’s third law of motion of 
action and reaction, the stress vectors
   
n
T n Σ acting on the shared surface defined by two 
node pairs (1, 2), and (3, 4) between two adjacent elements (i) and (j) are equal in magnitude 
and opposite in direction, i.e. 
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Σ . Consequently, the constraint takes the following form 
   1 2  n Σ n Σ                                                       (2.2.5a) 
Since stresses vary linearly throughout each element, constraint as shown in Eq. (2.2.5a) 
can only be enforced at three nodal pairs of the shared line defined by two node pairs (1, 2), 
and (3, 4). As a result, we have 
       1 ,1 2 ,2 1 ,3 2 ,4
;     n Σ n Σ n Σ n Σ                                    (2.2.5b) 
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Consequently, the statically admissible discontinuities will result in the following four 
equality constraints on 12 nodal stresses associated with four nodal points: 
   stat stat4 12 12 1 4 1 ,   1, ,
i i i i ND
  
    A b                                  (2.2.6a) 
where ND is the number of discontinuities,  stat 0,0,0,0
i b ,  ,1 ,2 ,3 ,4; ; ;i i i i i and 
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           (2.2.6b) 
The constraint Eq. (2.2.6a) can be assembled as 
          stat stat9 1 4 14 9 NE NDND NE       A b                              (2.2.6c) 
Boundary conditions: the stress boundary conditions along any boundary edge (1, 2) can be 
treated similarly. Accordingly, we have 
1 1 2 2;       n Σ p n Σ p                                                 (2.2.7) 
Here the symbol    1 21 1 2 2, ;    ,q t q t
 
 p p denotes the load applied to the boundary 
edge. 
These conditions can be easily expressed as 
   bound stat4 6 6 1 4 1 ,   1, ,
i NB
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                                                        (2.2.8b) 
Here the matrix T in Eq. (2.2.8) is given in Eq. (2.2.6b). 
Assembling Eq. (2.2.8a) gives rise to the following overall constraint 
           bound bound9 1 4 14 9 NE NBNB NE       A b                             (2.2.8c) 
Yield Criterion Conditions: under the condition of plane strain, the Mohr-Coulomb yield 
criterion can be written as 
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The above criterion for each node i can be expressed as a 3-dimensional second-order cone, 
which leads to 
     soc soc soc3 3 3 1 3 1 3 1 ,   1, ,3
i i i i i NE
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where the symbol  , ,i i i ix y xy  

 is the vector of stress at each nodal point; and xsoc is a 
vector which consists of a set of 3-dimensional second-order cones, and 
 soc soc
sin sin 0












               (2.2.10b) 
It should be pointed out that inequality constraint (2.2.9) will be represented according to 
the second-order cone constraint, 3 2
2 3 1x x x  . 
Eq. (2.2.10) can be assembled node by node which results in the overall constraint 
matrix according to 
             soc soc soc9 1 9 1 9 19 9 NE NE NENE NE          A x b                     (2.2.11) 
Objective function: the purpose of the lower bound limit analysis is to find a statically 





Q ds                                                           (2.2.12) 
where Qu is the magnitude of the collapse load and σn is the normal stress acting over the 
interface s. Using the finite element technique, we obtain 
      1 1 9 9 1u NE NEQ

   
 c                                                   (2.2.13) 
Summarizing the equality constraints as shown in Eq. (2.2.4c, 2.2.6c, and 2.2.8c) and the 
objective function Eq. (2.2.13), numerical formulation for lower bound limit analysis in the 
case of plane strain condition can be written as the following primal and dual SOCP problem 
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   
1 1 2 2
1 1 2 2
min                                max         
P ;   D                  
s.t. s.t.
; 1, 2   ; 1, 2             
i i i






   






B yc x c x
A x A x B A y z c
x z
         (2.2.14a, b) 
where  29 ; 2 4M NE N NE ND NB      ; 2 1 2 soc; ;  c 0 x σ x x ; 1 2N N M  ;
 
1
1 equil stat bound soc; ; ;N M    A A A A A ;   212 ;N M M MN M      A 0 I ;





B f b b b . The symbol I denotes the identity matrix. Here, convex cone
1 is the linear cone and 2 is the Cartesian product of 3-dimensional second-order cones, 






. the linear and second-order cone are self-dual, we 
have 1 1

 and 2 2

 . 
The above problem is formulated in the canonical form of a SOCP, which allows for the 
use of state-of-the-art primal-dual interior point algorithms that have been particularly 
developed for SOCP and guarantee global convergence and efficiency in the solution process. 
The primal and dual problem can be solved simultaneously by using any conic programming 
optimization package such as MOSEK (2011) and SDPT3 (Toh et al. 1999; Tütüncü et al. 
2003). The public conic solver MOSEK (2011) is adopted in this thesis, similar to the work of 
Makrodimopoulos & Martin (2006), because it is computationally efficient for very large 
optimization problems. 
2.2.2 Formulation for an axisymmetric analysis 
As described in section 2.2.1, finite element formulation for lower bound limit analysis has 
been applied extensively to deal with plane strain problems (Sloan 1988; Ukritchon et al. 
2003; Hjiaj et al. 2005; Makrodimopoulos & Martin 2006; Kumar et al. 2008 among others). 
A few investigations addressed the three-dimensional case (Lyamin and Sloan 2002a; 
Krabbenhøft et al. 2007; Martin and Makrodimopoulos 2008). However, for axisymmetric 
problems, the results are limited (Pastor and Turgeman 1982; Khatri and Kumar 2009a; 
Kumar and Khatri 2011). Although the rigorous solutions for any geotechnical stability 
problem such as bearing capacity of circular footings or pile foundations, and stability of 
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circular anchors or excavations, can be solved by using a three-dimensional formulation in 
principle, it is still a difficult task to deal with any three-dimensional problem. Firstly, linear 
programming is unsuitable for 3-D case. This is because it is both difficult and cumbersome 
to linearize three-dimensional yield criteria to an acceptable degree of accuracy. Moreover, 
even if the yield surface can be linearized to allow linear programming to be employed, the 
computational effort is unacceptable because of the large number of iterations involved. 
Nonlinear programming has been applied successfully in the analysis of 3-D problems. 
However, it does have its drawbacks as discussed by Makrodimopoulos & Martin (2006), 
such as when ϕ>0, the existence of the singular apex point of the Mohr-Coulomb yield 
function will pose difficulty in the calculation of gradient and Hessian required in nonlinear 
programming technique. In order to perform 3-D stability analysis, most recently, 
semidefinite programming was implemented (e.g. Martin and Makrodimopoulos et al. 2008; 
Krabbenhøft et al. 2008) in numerical limit analysis, however, for large-scale 3D case, the 
efficiency of the algorithm is still questionable. Therefore, this section presents a new 
numerical formulation of lower bound limit analysis for axisymmetric problems, following 
the work of Khatri and Kumar (2009a), and applications of this method to various 
geotechnical stability problems, which is performed easily compared with 3D analysis. Here, 
the finite elements described in section 2.2.1 in terms of z and r coordinate are used. 


















                                        (2.2.15) 
With linear variation of σr, σz, σθ and τrz, the first two terms of equation (2.2.15), for a given 
element, will be independent with respect to the variation of r and z. However, the terms (σr-
σθ)/r and τrz/r are still the function of r and z unless a special expression of stresses such as 
Pastor and Turgeman (1982), which do not satisfy Eq. (2.2.15). In the present analysis, the 
method of Khatri and Kumar (2009a) is adopted, where the values of the terms (σr-σθ)/r and 
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τrz/r are simply specified at the centroid of the element. It indicates that the equilibrium 
conditions are satisfied precisely at the centroid of the element and not everywhere in the 
element. As similar to the plane strain case, with the imposition of the equilibrium equations 
will generate the following overall equality constraints: 
   
     equil 12 1 2 12 12 NE NENE NE         A f                               (2.2.16a) 
where the matrix
equilA is assembled by the following constraint matrix equil
e
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A r A r A r
z r z












                 (2.2.16b) 
Here, ,ij i j ij i jz z z r r r    and  1 2 3 3r r r r   rain case; subscripts i and j refer to the 
respective node of the element, where iz and , 1,2,3ir i  are the r- and z-coordinate of the 
nodal point, respectively. 
Continuity of σn and τ between two triangles: similarly, we have the following conditions to 
satisfying the continuity of normal and shear stress along the discontinuity line 
1 2 1 2 1 2 1 2e e e e e e e e
, , , , , , , ,,     ,     ,     n i n i t i t i n j n j t j t j                                    (2.2.17) 
Consequently, the statically admissible discontinuities will result in the following overall 
constraints in a matrix form: 
          stat stat12 1 4 14 12 NE NDND NE       A b                            (2.2.18a) 
The global constraint matrix statA is assembled by 
2 2
stat
sin cos sin 2 0
,
0.5sin 2 0.5sin 2 cos 2 0
  
  
   
        
T T 0 0
A T
0 0 T T
        (2.2.18b) 




Figure 2. 2. Axisymmetric case: (a) stress sign convention; (b) 3-noded triangular element; (c) stress 
discontinuity; (d) stress boundary conditions 
Boundary conditions: due to the linear variation of stresses, the stress boundary conditions 
along any boundary edge can be defined as 
, , , ,,        ,        ,        n i i t i i n j j t j jq t q t                             (2.2.19) 
These conditions can be easily expressed as follows 
          bound bound12 1 4 14 12 NE NBNB NE       A b                            (2.2.20a) 
The element at each loaded segment in global constraint matrix boundA is given by 
bound





                                                       (2.2.20b) 
where the matrix T in Eq. (2.2.20b) is shown in Eq. (2.2.18b). 
Yield Criterion Conditions: under the condition of axisymmetric, the Mohr-Coulomb yield 
criterion can be written in the following three possible cases (Pastor & Turgeman 1988) 
22 24 2 cos sin 0r z rz r zc                           (2.2.21a) 
2
2 2 4 cos 1 sin4 2 0
1 sin 1 sin
r z rz r z
c





2 2 4 cos 1 sin4 2 0
1 sin 1 sin
r z rz r z
c
              (2.2.21c) 
By comparing Eq. (2.2.9) and Eq. (2.2.21a-c), the number of constraints generated under 
the axisymmetric condition is 3 times that of the plane strain condition. Consequently, the 
above three criterions for each node i can also be expressed as a 3-dimensional second-order 
cone, and subsequently, we obtain 
     1, 1, 1,soc soc soc3 4 4 1 3 1 3 1
i i i i
   
    A x b                                   (2.2.22a) 
     2, 2, 2,soc soc soc3 4 4 1 3 1 3 1
i i i i
   
    A x b                                   (2.2.22b) 
     3, 3, 3,soc soc soc3 4 4 1 3 1 3 1
i i i i
   
    A x b                                    (2.2.22c) 
where σi={σr, σz, τrz, σθ}
T









dimensional second-order cones, and 
1, 1,
soc soc
sin sin 0 0
1 1 0 0 ,          2 cos 0 0
0 0 2 0
i i cA b
 




1 0 1 2
1 sin
4 cos
1 0 1 0 ,           0 0
1 sin
0 2 0 0
i i c




1 0 1 2
1 sin
4 cos
1 0 1 0 ,           0 0
1 sin
0 2 0 0
i i c
A b               (2.2.23c) 
Eq. (2.2.22) can be assembled node by node which results in the overall constraint 
matrix according to 
             soc soc soc12 1 27 1 27 127 12 NE NE NENE NE          A x b                   (2.2.24) 
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Objective function: with the integration of the vertical normal stresses along the circular area 





Q rds                                                (2.2.25) 
The above integral can be expressed as: 
1 1 12 12 1u NE NE
Q c                                           (2.2.26) 
After assembling the above constraints Eq. (2.2.16a, 2.2.18a, 2.2.20a, and 2.2.24) and the 
objective function Eq. (2.2.26), we obtain the following primal and dual SOCP problem 
   
1 1 2 2
1 1 2 2
min                                max         
P ;   D                  
s.t. s.t.
; 1, 2   ; 1, 2             
i i i






   






B yc x c x
A x A x B A y z c
x z
       (2.2.27a, b) 
where  227 ; 2 4M NE N NE ND NB      ; 2 1 2 soc; ;  c 0 x σ x x ; 1 2N N M  ; 
 
1
1 equil stat bound soc; ; ;N M    A A A A A ;   212 ;N M M MN M      A 0 I ; 





B f b b b . The symbol I denotes the identity matrix. Here, convex cone
1 is the linear cone and 2 is the Cartesian product of 3-dimensional second-order cones, 




. As both the linear and second-order 
cones are self-dual cones, we have 1 1

 and 2 2

 . As for plane strain problems 
(Makrodimopoulos and Martin 2006), the above primal and dual problem Eq. (2.2.27a, b) can 
also be solved by using the Matlab toolbox MOSEK (2011). 
2.3 Concluding remarks 
In this Chapter, the lower bound limit analysis both for plane strain and axisymmetric cases 
can be formulated as a SOCP problem. Using MOSEK toolbox (2011), the primal problem Eq. 
(2.2.14a and 2.2.27a) and its dual Eq. (2.2.14b and 2.2.27b) can be solved simultaneously. 
After obtaining stresses (σx, σy, τxy), the shear failure can be determined in terms of ratio a/d 






. If a/d≈1, the point is in a 
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state of shear failure, while if a/d<1, it indicates that the point will be in a non-plastic state. 
The plastic zone is drawn in such way that elements are shaded with a/d being greater than 
0.95 in this thesis. On the other hand, the velocity field viewed as an estimation of the failure 
mechanism obtained from dual solutions can provide a good representation of the failure 
mechanism. According to Ciria (2004) and Ciria et al. (2008), the velocities included in the 
vector y in Eq. (2.2.14b and 2.2.27b) represents elemental and inter-element velocities 
respectively, which are equivalent to the nodal velocities in the formulation of upper-bound 
limit analysis. In the thesis, the velocity field was drawn in such way that piecewise constant 
velocities were assigned to the centroid of each element by using the Matlab function 
“quiver”. 
In MOSEK, the SOCP problems are solved by using a homogeneous self-dual interior-
point method. It is worthy to note that the barrier function used in an interior-point method for 
solving the SOCP problems explicitly prevents iteration from falling exactly on the boundary 
or apex of a second-order cone. But in the limit where the barrier parameter tends to 0, the 
iteration could converge to a point on the boundary of the cone. Therefore, there is no need to 
smoothen the Mohr-Coulomb yield surface either on the corners of the hexagon or at its apex 
as needed for an equivalent nonlinear programming approach (Lyamin and Sloan 2002a). In 
applying interior-point method to solve the SOCP problems as shown in Eq. (2.2.14a, b and 
2.2.27a, b), the gradient and Hessian of the Mohr-Coulomb yield function are not computed 
explicitly (see Alizadeh and Goldfarb 2003). Instead, the gradient and Hessian of the barrier 
function associated with the second-order cone (derived from the Mohr-Coulomb yield 




Chapter 3 Second-Order Cone Programming 
3.1 General framework of SOCP 
In the last decade, substantial progress in mathematical optimization has been achieved, 
especially in the area of convex programming, which leads to the development of efficient 
interior-point methods (IPMs) for a large family of convex programs. This progress, together 
with the rapid growth in computing platforms, enables us to solve problems which were 
considered beyond computational capability only few years ago. 
In Chapter 2, the lower bound limit analysis both for plane strain and axisymmetric cases 
are formulated as a standard form of primal and dual SOCP problems. It can be seen that 
SOCP is one type of convex optimizations in which a linear function is minimized over the 
intersection of an affine linear manifold with the Cartesian product of second-order (Lorentz) 
cones. Linear programs, convex quadratic programs and quadratically constrained convex 
quadratic programs can all be formulated as SOCP problems, which can be solved in 
polynomial time by IPMs. 






s.t.   




c x c x
A x A x B
x
                     
Dual
max  
s.t.    




A y z c
z
               (3.1.1) 
where matrices im n
iA , vectors , 1, ,
in
i i nc , and
m
B  are known as shown in 
Chapter 2; vectors , , 1, ,i
n
i i i nx z and
m
y are unknown; and the constraint 0ix
defines a set of second order cone constraints given by 0
i ix x , where ix is the standard 
Euclidean norm. In particular, if the cone dimension ni is 1, then the constraint 0ix is 
simply the standard non-negativity constraint 0ix , and such a variable is linear variable. 
The problem corresponds to a linear programming problem. 
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Often we need to concatenate vectors and matrices. These concatenations may be 
column-wise or row-wise. We follow the convention of some high level programming 
languages, such as MATLAB, and use “,” for adjoining vectors and matrices in a row and “;” 
for adjoining them in a column. Thus, for convenience, we define 
1 2 1 2
1 2 1 2
1
,                    ; ; ;






A A A A c c c c
x x x x z z z z
              (3.1.2) 




s.t.   , 0
c x
Ax B x
                       
Dual
max  
s.t.    , 0
B y
A y z c z
                (3.1.3) 
Similar to linear programming, the most fundamental result of SOCP is the duality 
theorem. Provided that either primal or dual is strictly feasible and bounded, the main 













. This is 




Currently, the primal-dual path-following IPM (with its variants) is used in published 
toolboxes such as SDPT3 (Toh et al. 1999; Tütüncü et al. 2003) and MOSEK (2011). These 
IPMs are very efficient, especially if sparsity is exploited. The method is based on duality, 
and search directions for optimality are computed in both the primal and dual feasible spaces. 
3.2 Feasible primal-dual path-following interior point algorithms 
We assume that both primal and dual problems are strictly feasible. The corresponding 
Karush-Kuhn-Tucker (KKT) conditions of the primal-dual system (3.1.1) written as 
           primal feasibility
   dual feasibility
       complementary
, 0
Ax B
A y z c
x z e
x z




1 2; ; ; ne e e e with ei being first unit vector in
in , and μ is a positive 
parameter that is to be driven to 0 explicitly. Here
1 1; ; n nx z x z x z , with











                                               (3.2.2) 
Therefore, for a given μ, the perturbed KKT conditions (3.2.1) in matrix form are 
Ax B
A y z c
XZe e
                                                          (3.2.3) 
where the matrix
1diag aw , ,aw nX x x is a block diagonal matrix with
1aw , ,aw nx x as its diagonal blocks. The matrix Z is defined similarly. 
For reasons of computational efficiency, in most IPM implementation for SOCP, a block 
diagonal scaling matrix is usually applied to the perturbed complementarity equation in (3.2.1) 
to produce the following equation 
1 ˆ ˆGx G z x z e                                             (3.2.4) 
where the details about the matrixG can be found in Toh (2011). 





A 0 0 x r
0 A I y r
z rZG 0 XG
                                     (3.2.5a) 
where 
1 1,  ,  p d cr B Ax r c z A y r e Gx G z G x G z   (3.2.5b) 
The solution (∆x, ∆y, ∆z) of the Newton equation (3.2.5a) is referred to as the search 
direction. Solving (3.2.5a) for the search direction is computationally the most expensive step 
in each iteration of an IPM. Observe that by eliminating ∆z, the Newton equation (3.2.5a) 
reduces to the so-called augmented equation: 
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1 1ˆ ˆ ˆd c
p
xGX ZG A r GX r
yA 0 r
                             (3.2.6) 
The augmented equation can further be reduced in size by eliminating ∆x in (3.2.6) to 
produce the normal equation 
1 1 1 1 1 1 1 1ˆ ˆ ˆ ˆ ˆ: p d c
M
AG Z XG A y h r AG Z XG r AG Z r           (3.2.7) 
The coefficient matrix M in (3.2.7) is known as the Schur complement matrix. If the 
matrix
1ˆ ˆZ X is symmetric positive definite, then M is symmetric positive definite, and the 
search direction corresponding to (3.2.5a) always exists. Note that if scaling is not applied to 
the perturbed complementarity equation (3.2.3), that is G=I, the corresponding Schur 
complement matrix would be
1
AZ XA , which is a nonsymmetrical matrix. Solving a linear 
system involving such a nonsymmetrical matrix would be more expensive. Furthermore, its 
solution is not guaranteed to exist even when , 0x z . And this explains why a suitable 
scaling matrix such as NT scaling and HKM scaling is usually applied to the perturbed 
complementarity equation in (3.2.3) before computing the search direction. 
Finally, for inputs with (A, B, c) and an optimality tolerance ε>0 the computational flow 
of IPMs in SOCP can be summarized as follows: 




2. (Optimality test) If XZ<ε, then STOP; else go to Step 3; 
3. (Computation of Newton direction) Solved the linearized system of equations (3.2.7), 
(3.2.6) and (3.2.5a) to obtain (∆xk, ∆yk, ∆zk); 
4.  (Solution update) Update the solution (xk+1, yk+1, zk+1)=(xk+∆xk, yk+∆yk,  zk+∆zk); 
5. Let k:=k+1 and return to Step 2. 
3.3 SOCP solvers: MOSEK 
In Chapter 2, we have demonstrated that the lower bound limit analysis for plane strain and 
axisymmetric case can be formulated as a SOCP. To solve the resulting conic problems, the 
MATLAB toolbox MOSEK (2011) will be used in this thesis. 
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The MOSEK optimization toolbox can solve only convex optimization problems such as 
linear, quadratic and conic mixed-integer optimization problems. The emphasize of the 
MOSEK optimization toolbox is on large-scale and sparse problems. The main computational 
engine within the MOSEK optimization toolbox is a primal-dual path-following IPM which 
has been demonstrated to be very well-suited for solving large-scale problems. The basic code 
for both solvers is written in MATLAB, but key subroutines in C are incorporated via Mex 
files to enhance computational speed.  
In order to solve a SOCP problem in MOSEK, one needs to input the data to the solver 
in a specific manner. The “prob” data structure is used to communicate an optimization 
problem to MOSEK, which defines an optimization problem using a number of subfields. The 
linear objective function is defined by “prob.c”. The constraint matrix having the number of 
rows and columns equivalent to the number of constraints and variables in the problem is 
defined as “prob.a”. The lower and upper bounds of the constraints are defined by using 
“prob.blc” and “prob.buc”, respectively. In this way, both inequality and equality constraints 
can be easily dealt with. The lower and upper bounds on the variables are defined as “prob.blx” 
and “prob.bux”, respectively. When the problem involves second-order cones, the cones are 
specified using a MATLAB cell array named “prob.cones”. “prob.cones” must contain one 
cell per cone, where a cell must contain the two fields “prob.cones.type” and 
“prob.cones.sub”. The field “prob.cones.type” is used to specify the type of the cone, which 
takes either the values “MSK_CT_QUAD” or “MSK_CT_RQUAD” to indicate a second-
order cone or a rotated quadratic cone, while “prob.cones.sub” is used to specify the member 
variables of the cone. Whenever an optimization problem is solved using MOSEK, optimal 
solutions are available in the “res.sol.itr” subfield, which is computed using a homogeneous 
self-dual interior-point method. The optimal value of the objective function is reported in 
“res.sol.itr.pobjval” and the primal and dual optimal solutions are available in “res.sol.itr.xx” 




Chapter 4 Application for axisymmetric lower bound limit 
analysis 
4.1 Introduction 
Recently, a number of investigations have been performed to determine the collapse loads for 
various geotechnical stability problems by using lower and upper bound limit analysis in 
association with finite elements and mathematical optimization such as linear programming 
(LP) (Sloan 1988; Sloan and Kleeman 1995), and nonlinear programming (Lyamin and Sloan 
2002a, b), or SOCP (Makrodimopoulos and Martin 2006, 2007). Three-dimensional 
formulations are more realistic and some work has been reported by Lyamin and Sloan 
(2002a, b), Krabbenhøft et al. (2008), and Martin & Makrodimopoulos. (2008). However, it is 
difficult to solve these problems efficiently, because of the nonlinear or semidefinite 
programming involved in these three-dimensional problems. 
It is not surprising that most numerical limit analyses deal with two-dimensional cases at 
present (see Bottero et al. (1980), Sloan (1988), Ukritchon et al. (2003), and Hjiaj et al. 
(2005), Milani and Lourenço (2009), etc.). The two-dimensional assumption is applicable to 
special cases such as long retaining walls or strip foundations. The strain in one direction is so 
small that it can be viewed as zero. The plane-strain condition can be assumed, resulting in a 
two-dimensional problem, which is much easier to solve than the general three-dimensional 
case. It has been shown that limit analysis in conjunction with finite elements and conic 
programming is more efficient for various geotechnical stability calculations compared with 
the conventional limit equilibrium and displacement-based finite element method.  
In terms of cylindrical polar coordinates, let (σr, σθ, σz, τθz, τrz, τrθ) be the stress 
components, and the z axis is taken to be the axis of symmetry. Axial symmetry requires that 
the shear stresses τθz and τrθ all vanish such as in the case of a circular foundation under non-
eccentric and vertical loads. Certainly, the problem with axial symmetry is more difficult to 
solve than the plane strain case but easier than the three-dimensional case. Because of this, 
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there were fewer studies on axisymmetric cases than plane strain cases (Pastor and Turgeman 
1982; Khatri and Kumar 2009a, b; Kumar and Khatri 2011). In the method of Pastor and 
Turgeman (1982), a p-faced interior polyhedron was used to linearize the Mohr-Coulomb 
yield surface, where p is the number of sides of the polygon chosen to linearize the yield 
surface, and the value of the hoop stress σθ was kept close to the minor principal stress σ3, 
known as Harr-von Karman hypothesis (Cox et al. 1961). Consequently, 3p inequality 
constraints were imposed at all the nodes (rather than p constraints under the condition of 
plane strain), and the approach leads to a LP problem. Because of the additional 2p inequality 
constraints per node associated with the LP problem, it becomes much more expensive to 
solve an axisymmetric problem. Recently, Khatri and Kumar (2009a) proposed an alternative 
method to satisfy the Harr-von Karman hypothesis, where only three extra inequality 
constraints rather than 2p are needed to be specified at a given node. For large-scale problems 
(e.g. spatially variable soil media), however, the method proposed by Khatri and Kumar 
(2009a) is still computationally expensive. Thus a better formulation of yield criterion should 
be developed to improve the efficiency of axisymmetrical numerical limit analysis. 
The main objective of this Chapter is to evaluate the bearing capacity of shallow 
foundations, anchors, as well as a more complex problem (i.e. the ultimate capacity of helical 
anchors) by using the method as described in Chapter 2 (i.e. Section 2.2.2). Although SOCP 
has been applied for plane strain problems (Makrodimopoulos and Martin 2006), the 
axisymmetric analysis is computationally more challenging, because the number of 
constraints generated from the second-order cone expression of the yield criterion under the 
axisymmetric condition is 3 times that of the plane strain case as illustrated in Section 2.2.2. 
In addition, as compared to the method proposed by Khatri and Kumar (2009a) which 
approximated the second order cone constraints by p+3 linear inequalities to generate a LP 
problem, the present method is computationally much more efficient by directly handling the 
second order cone constraints.  We should point out that Milani and Lourenço (2009) 
proposed an alternative optimization procedure based on sequential linear programming, 
rather than conic programming. However, only plane strain problems are discussed. 
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4.2 Numerical examples 
The computations were performed on a Dell OptiPlex 990 (Intel® Core ™ i7-2600 CPU @ 
3.40GHz, 16G RAM) in Windows 7 environment, using the conic programming toolbox 
MOSEK (2011). The reported CPU time only refers to the time actually spent on the interior-
point iterations, i.e. they exclude the time taken to read the data file and execute the presolve 
routine, with the aim of detecting and removing linearly dependent constraints. 
4.2.1 Circular footing 
4.2.1.1 Problem definition and mesh details 
  
 
Figure 4. 1. (a) Chosen domain and stress boundary conditions and (b) an illustration of the finite 
element mesh used in the lower bound limit analysis 
Here we study the bearing capacity of a circular foundation. The domain and the associated 
applicable stress-boundary conditions are shown in Figure 4.1a. Note that no prescribed 
stresses are imposed at the left, right and bottom edges in Figure 4.1a. The stress values along 
these edges can be obtained after solving the final optimization problems. The dimensions 
(i.e., Lh and Ld) of the domain are chosen large enough to ensure that the failure mechanism 
















magnitude of the collapse load remains almost unchanged. According to the work of Kumar 
and Khatri (2011), the values of Lh and Ld are kept the same, which are equal to 5B and 29B. 
These values are found to be acceptable for ϕ=0 and 45°, respectively. The domain was 
discretized into a number of three-noded triangular elements. In order to provide a good 
estimate of the true lower bound, particularly with a piecewise linear stress field, it is 
desirable to have a fine fan-type element at the edges of the foundation, because of the 
singularities, as shown in Figure 4.1b. It should be pointed out that this mesh was used for 
clarity only, and is much coarser than the actual mesh, which typically comprises a minimum 
of 100, 000 solid and discontinuity elements. In practice, if there are more than 16 fan-type 
elements around the footing edges, we can obtain approximately accurate collapse loads even 
for thousands elements over the soil domain. 
When the foundation is embedded in clay with zero surcharging, we have 
2
u cQ R cN                                                       (4.2.1a) 
and in the case of cohesionless soil or sand, we get 
2
uQ R RN                                                      (4.2.1b) 
In the case of surcharge, the bearing capacity can be computed as 
2
u qQ R qN                                                        (4.2.1c) 
where c is the cohesion of soil; γ is the unit weight of soil; and R is the radius of foundation. 
Nc, Nq, and Nγ are the bearing capacity factors corresponding to the cohesion, surcharge, and 
the unit weight of soil. 
It should be noted that a small finite value of c (generally varying from 0.00004 to 
0.0008γD) was always needed for running the program successfully, and a greater value of c 
was generally essential for larger friction angle ϕ. Consequently, Eq. (4.2.1b) should be 









                                                       (4.2.1d) 
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where Qc is the load contribution due to the small value of cohesion c chosen to avoid any 
computational problem. 
4.2.1.2 Results and discussion 
For c=40kPa, Figure 4.2 and Figure 4.3 illustrate some typical results for velocity fields both 
for smooth and rough foundations placed on undrained clay and cohesionless soil, which 
indicates the possible failure mode. The units for the axes in Figure 4.2 and 4.3 are meter. For 
rough footing base (τrz unconstrained), a central rigid wedge is developed below the footing 
base. In the case of smooth footing base (τrz=0), the soil below the footing becomes plastic 
and there is no rigid wedge. As expected, the horizontal and downward extent of failure 
mechanisms will increase with an increase in the soil friction angle ϕ and the roughness of the 
footing base, which suggests larger bearing capacity. 
 
Figure 4. 2. Failure mechanisms for circular footings on undrained clay: (a) smooth; (b) rough 
 
Figure 4. 3. Failure mechanisms for circular footings on cohesionless soils: (a) smooth; (b) rough 
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Table 4. 1. A comparison of obtained Nc values with published results from literature 
ϕ 
(°) 











Kumar and Khatri 
(2011) 
¶ † #  ¶ † # 
0 5.67 5.69 5.61  6.04 6.05 6.01 
5 7.4 7.43 7.31  8.06 8.06 8 
10 9.93 9.99 9.78  11.09 11.09 10.99 
15 13.77 13.87 13.51  15.83 15.84 15.66 
20 19.85 20.07 19.38  23.69 23.67 23.22 
25 30.03 30.52 29.06  37.39 37.31 36.17 
30 48.23 49.29 47.1  62.99 62.7 61.48 
35 83.35 85.88 81.47  114.78 113.99 112.47 
40 157.97 164.82 153.94  230.09 228.62 224.27 
45 337.64 358.81 324.85  518.41 520.31 501.74 
¶: Lower-bound limit analysis with finite elements and SOCP. 
†: The method of characteristics. 
#: Lower-bound limit analysis with finite elements and LP. 
















¶ † # † § † 
5 0.07 0.06 0.06 0.06 ─ ─ 
10 0.23 0.21 0.2 0.2 ─ ─ 
15 0.56 0.53 0.52 0.53 ─ ─ 
20 1.29 1.27 1.23 1.22 1.7 1.26 
25 2.94 2.97 2.84 2.87 ─ 2.83 
30 6.9 7.1 6.72 6.94 ─ 6.96 
35 16.99 18.02 16.73 17.88 21 17.98 
40 45.15 50.17 45.36 50.46 58 49.99 
45 131.33 160.01 138.42 165.1 186 154.63 
¶: Lower-bound limit analysis with finite elements and SOCP. 
†: The method of characteristics. 
#: Lower-bound limit analysis with finite elements and LP. 
The values of bearing capacity factors Nc and Nγ corresponding to different values of ϕ 
for smooth and rough footings are provided in Table 4.1-3. It can be observed that the 
magnitudes of all the bearing capacity factors for a rough footing are greater than those for the 
smooth footing base, and moreover, the difference between the bearing capacity factors 
related to the smooth and rough footing increases with the increasing of friction angle ϕ. The 
values of those factors obtained from the present analysis are compared with (1) the solution 
of Erickson & Drescher (2002) using FLAC; (2) the solution of De Simone (1985), Cassidy & 
Houlsby (2002), and Martin (2004) by the method of stress characteristics; (3) the lower and 
upper bound solutions by Lyamin and Sloan (2002a) based on three-dimensional finite 
element limit analysis in conjunction with nonlinear programming; and (4) quasi-lower bound 
solutions presented by Kumar and Khatri (2011) based on axisymmetrical finite element limit 
analysis incorporating linear programing approach. For Nc, the results obtained from the 
34 
 
present method are very close to the existing solutions as shown in Figure 4.4a. Consequently, 
the exact value of Nγ remains unknown. 



















Lyamin and Sloan. 
(2002a) 
LB UB 
¶ † # † § † ǂ ǂ 
5 0.1 0.08 0.08 0.07 ─ ─ ─ ─ 
10 0.34 0.32 0.3 0.27 ─ ─ ─ ─ 
15 0.95 0.93 0.88 0.8 ─ ─ ─ ─ 
20 2.41 2.41 2.27 2.16 2.8 2.32 ─ ─ 
25 5.98 6.07 5.68 5.27 ─ 6.05 5.65 8.26 
30 15.08 15.54 14.65 14.13 ─ 15.73 14.1 19.84 
35 39.89 41.97 39.97 42.56 45 42.38 37.18 52.51 
40 111.38 124.1 116.2 129.4 130 124.46 106.6 157.21 
45 319.33 419.44 379.79 505 456 418.93 338 539.22 
¶: Lower-bound limit analysis with finite elements and SOCP. 
†: The method of characteristics. 
#: Lower-bound limit analysis with finite elements and LP. 
§: using software FLAC. 
ǂ: Three-dimensional numerical limit analysis with finite elements and NLP. 
 
 
Figure 4. 4. Comparison of the bearing capacity factor (a) Nc, (b) Nγ , and (c) Nq for different values of ϕ 
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However, it can be seen from Figure 4.4b that the present results are close to other 
numerical estimations for small friction angle ϕ of soil. The discrepancy between these results 
becomes larger with an increase of ϕ. It should be pointed out that the quasi-lower bound 
solutions obtained from the present method are very close to the three-dimensional lower 
bound solutions proposed by Lyamin and Sloan (2002a). The present lower bound solutions 
for the bearing capacity factor Nq are illustrated in Figure 4.4c. The solutions obtained from 
the software ABC developed by Martin (2004), which is based on the method of stress 
characteristics and also formally confirmed as exact plasticity solutions (Martin 2005), are 
also plotted in Figure 4.4c. It clearly demonstrates that the present solutions agree well with 
the exact plasticity solutions. In addition, for ϕ=30° and 40°, the Nq values obtained by Kumar 
and Khatri (2011) are 37 and 194.18, where the Mohr-Coulomb criterion is linearized by 
using 30-sided polygon inscribed to the parent yield surface, while the present lower bound 
solutions are 37.38 and 194.5 respectively. The discrepancy between the present solutions and 
those of Kumar and Khatri (2011) may be due to the difference of the finite element mesh and 
the treatment of the Mohr-Coulomb yield criterion. 
Table 4. 4. Iteration number and computational time for bearing capacity of circular foundations using 
LP and SOCP approach 
NE NVS  











































  NE = no. of elements, NVS = no. of stress variables, (iter) refers to the number of interior-point iteration. 
Some typical results for computational time and iteration counts for solving the SOCP 
problems are illustrated in Table 4.4, and compared with those of LP (p=21, Kumar and 
Khatri 2011), where the solutions obtained by the software ABC (Martin 2004) are viewed as 
an exact value to compute the error. Note that the LP results are based on my own analyses, 
where the method suggested by Kumar and Khatri (2011) is used. In order to solve the linear 
programming problem, the Matlab function ‘linprog’ is used. In this case, the computation 
time required for solving the SOCP problems is about one-tenth that of linear programming. 
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This shows that the present method will be computationally more efficient than the LP 
approach, especially for large-scale problems. 
4.2.2 Stability of circular anchor 
4.2.2.1 Problem definition and the mesh 
A general layout of the problem to be studied is illustrated in Figure 4.5a. For numerical 
convenience, the ultimate anchor capacity Qu=c·A·Nc in clay, in which Nc is referred to as the 
break-out factor. As similar to bearing capacity analysis of foundation, a greater concentration 
of elements is used for high stress gradient areas around the anchor edge points (Merifield and 
Sloan 2006) by adopting a fan-type mesh as similar to the case of circular footing as shown in 
Figure 4.5b. Following the terminology of Rowe and Davis (1982a), the analysis of anchor 
behavior is divided into the “immediately breakaway case” (Figure 4.6a) and “no breakaway 
case” (Figure 4.6b). In the immediately breakaway case, it is assumed that the soil-anchor 
interface cannot sustain tension. In the no breakaway case the opposite is assumed. To allow 
the underside of the anchor to separate from the soil (immediate breakaway) in lower bound 
solutions, the stress discontinuity below the anchor is removed. It indicates that the shear and 
normal stress are zero below the anchor, namely a free stress surface. The “immediately 
breakaway” condition will be used for stability analysis of anchors in the present thesis. 
4.2.2.2 Results of anchors in purely cohesive Soil 
For ϕ=0, the cohesion c is also referred as the undrained shear strength of the soil. The value 
of c typically varies between 20 kPa to 200 kPa. In this section, we assume c=100kPa (i.e., 
medium stiff to stiff clay). Moreover, as discussed in Merifield (2002), the anchor roughness 
has a negligible effect on the ultimate capacity of anchor (here, the anchor-soil interface is 
assumed to be rough). Figure 4.7 provides the failure patterns as shown by the velocity field 
for the embedment ratio equal to 3 and 8. It can be seen that the velocity field for shallow 
depths (i.e. H/D≤7) of anchors propagate to the ground surface. On the other hand, in the case 
of deep anchor (i.e. H/D>7), the development of a local failure pattern only around the 
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periphery of the anchor was observed. The above phenomenon was also noted by Merifield et 
al. (2003). 
 
Figure 4. 5. (a) General layout of the problem; (b) typical mesh used in the lower bound limit analysis 
  
Figure 4. 6. (a) Chosen domain with stress boundary conditions and immediately breakaway condition 
below the anchor; (b) no breakaway condition, where the symbol ‘CL’ denotes the center line because 
of the symmetry 
The variation of break-out factor Nc with H/D for undrained clay is illustrated 
graphically in Figure 4.9a, which also compares the present computational results with: (1) 
the experimental studies of Kupferman (1965); (2) small strain finite element results of Rowe 
and Davis (1982a); (3) numerical estimations provided by Yu (2000) based on the cavity 
expansion theory, (4) 3D lower bound limit analyses incorporating finite elements and 
nonlinear programming of Merifield et al. (2003), (5) axisymmetric quasi numerical lower 
bound limit analysis by linear programming delivered by Khatri and Kumar (2009b), and (6) 




Figure 4. 7. Failure mechanisms for circular plate anchor in undrained and weightless clay at different 
embedment depth, where H/D=3 and H/D=7 
 
Figure 4. 8. Effect of overburden pressure on failure mechanisms for circular plate anchor in undrained 
clay, where H/D=4 
It can be seen that the magnitude of Nc increases continuously with an increase of the 
embedment depth ratio H/D up to the critical value (i.e. Hcr/D≈7), beyond which the uplift 
factor almost becomes constant (Nc=12.72), which is very close to the estimation (i.e. 
Nc=12.56) obtained from three-dimensional lower bound limit analysis at H/D≈7. For 
H/D>Hcr/D, the anchor behaves like that of a deep anchor. This is consistent with the 
transition of the failure mechanism as discussed before. In all cases, the present analyses 
agree well with those of Merifield et al. (2003). For small value of H/D, the results we 
obtained are also close to those of Kupferman (1965), Yu (2000), and Khatri et al. (2009b), 
and smaller than that of Wang et al. (2010) and Kupferman (1965). In the case of H/D>5, the 
experimental results of Kupferman (1965) are always on the lower side. On the other hand, 
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the solutions of Rowe and Davis (1982a) only show agreement with other results for small 
value of H/D (e.g. H/D≤1.5), and seriously underestimate the ultimate uplift capacity of 
anchor for H/D>2. This could be due to the definition of failure and lower soil rigidity ratio 
(i.e. E/c=166). In fact, for lower bound limit analysis, the soil is treated as a rigid perfectly 
plastic material with infinite elastic modulus E (E/c~∞), and deformations prior to failure are 
thus outside the scope of limit analysis. Consequently, the results of large-deformation finite 
element analysis utilized by Wang et al. (2010) are expected to be consistent with lower 
bound solutions only if the soil rigidity ratio is large enough. 
 
Figure 4. 9. (a) Comparison of break-out factors for circular anchors in undrained clay; (b) Effect of 
overburden pressure on the break-out factor Ncγ for circular anchors in undrained clay 
The effect of soil weight is investigated next. The transition from non-local to local 
failure can also be observed in Figure 4.8, where H/D=4. It can be seen that for a given 
embedment depth the failure mechanism may be non-localized or localized, depending on the 
dimensionless overburden ratio γH/c. Figure 4.9b indicates that the ultimate anchor capacity 
increases with overburden pressure up to a constant value. This constant value actually 
reflects the transition of the failure mode from being a non-local one to a local one. In the 
present analysis, this limiting value is found to be about 12.72, which is slightly larger than 
12.56 obtained from 3D finite element lower bound limit analysis of Merifield et al. (2003). 




Figure 4. 10. Failure mechanisms for circular plate anchor in cohesionless soil for different embedment 
depth, where ϕ=35° 
 
Figure 4. 11. Failure mechanisms for circular plate anchor in cohesionless soil for different soil friction 
angle, where H/D=4 
 
Figure 4. 12. Lower bound solution for break-out factors for circular anchors in cohesionless soil 
4.2.2.3 Results of anchors in cohesionless Soil 
The practical range for the unit weight γ of soil is from 15 to 20kN/m3. Here, we assume 
γ=20kN/m3 for all computations. The velocity field for anchors at a various embedment 
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depths and friction angle of soil are illustrated in Figure 4.10-4.11. In general, the failure 
mechanism extends out from the anchor edge up to the ground surface, and conical slip or 
logarithmic spiral planes are obtained. As expected, the lateral extent of failure mechanism at 
the ground surface increases with an increase in the soil friction angle and embedment depth. 
The significant feature of all the computed velocity fields is that they clearly depict “shallow” 
anchor behavior. This is in contrast to the behavior of anchors in purely cohesive soil where, 
depending on the shear strength of soil, and overburden pressure, failure may be fully 
localized around the anchor. The above phenomenon is found to be similar to the behavior of 
strip anchors in frictional soil presented by Merifield and Sloan (2006) with incorporating 
numerical upper bound limit analysis and displacement finite element method. 
Recently, Ilamparuthi et al. (2002) investigated experimentally the uplift behavior of 
circular anchors in sand, and values of 4.8, 5.9, and 6.8 for the critical embedment ratio are 
proposed for loose, medium-dense, and dense sand, at which the change of anchor behavior 
takes place, i.e. a transition from “shallow” to “deep”. In contrast, no critical embedment 
depth was observed in the tests performed by Rowe (1978) and Murray et al. (1987). 
According to the above discussions, it can be seen that the likely failure mechanism for 
horizontal anchors in cohesionless soil remains unclear. 
Table 4. 5. Results for circular plate anchors in purely cohesive soil with or without self-weight γ 
H/D 
γH/cu 
0 0.5 1 2 3 5 
1 3.85 4.35 4.85 5.85 6.85 8.85 
2 7.16 7.66 8.16 9.16 10.16 12.13 
3 9.14 9.64 10.14 11.14 12.11 12.72 
4 10.52 11.02 11.52 12.45 12.72 12.72 
5 11.57 12.06 12.49 12.72 12.72 12.72 
6 12.36 12.7 12.72 12.72 12.72 12.72 
7 12.72 12.72 12.72 12.72 12.72 12.72 
8 12.72 12.72 12.72 12.72 12.72 12.72 
9 12.74 12.74 12.74 12.74 12.74 12.74 
10 12.74 12.73 12.73 12.74 12.73 12.74 
The variation of break-out factor Nγ for cohesionless soil with H/D is illustrated in Figure 
4.12 and Table 4.6. As can be seen, the break-out factors Nγ increase in a nonlinear manner 
with the increase of embedment ratio H/D and the greatest increase occurs for dense soils 
with high friction angles ϕ. It is found that the uplift capacity of anchor in dense sand is much 
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greater than that in loose sand, because of the dilation which occurs when the dense sand 
above the anchor falls around the anchor and spills as loose sand (Pearce 2000). In fact, Rowe 
and Davis (1982b) found that soil dilatancy has a significant effect on anchor response, for 
anchors at moderate depth (H/D≥3) in medium to dense sand (ϕ>30°). As shown in Figure 
4.13, where ϕ=20°, 30° and 40°, the results of the present study are slightly larger than 
solutions of 3D numerical lower bound limit analysis of Merifield et al. (2006), and are 
relatively smaller than those of displacement finite element formulation SNAC using 
axisymmetrical elements (e.g. Abbo 1997), delivered by Merifield et al. (2006). 
 
Figure 4. 13. Comparison of theoretical break-out factors for circular anchors in cohesionless soil, 
where ϕ=20º, ϕ=30º and ϕ=40º 




Figure 4. 14. Comparison of experimental break-out factors for circular anchors in cohesionless soil, 
where (a) experimental results reported by Saeedy (1987); (b) experimental work of Pearce (2000); (c) 
Ilamparuthi et al. (2002) 
Some experimental studies based on laboratory model tests have been implemented to 
develop a semi-empirical expression to investigate the anchor capacity. A comparison of 
several experimental studies is presented in Figure 4.14. It can be seen that the break-out 
factors determined by Baker & Konder (1966) and Saeedy (1987) are comparable to the lower 
bound result, and particularly, the results of Baker & Konder (1966) and Murray and Geddes 
(1987) are remarkably close to the lower bound estimates for ϕ=35º or ϕ=40º as illustrated in 
Figure 4.14a. Figure 4.14b also shows that the break-out factors proposed by Pearce (2000) 
agree well with the present analyses up to embedment ratio of H/D=8-9, where ϕ=35º. 
Additionally, above this embedment ratio, the experimental results are below the lower bound 
results. Furthermore, as can be seen from Figure 4.14c, the present lower bound solutions for 
ϕ=40° are close to the recent chamber test results of Ilamparuthi et al. (2002) for ϕ=43°. 
4.2.3 Multi-helical anchor 
4.2.3.1 Problem definition and review 
Helical anchors, also known as screw anchors, consist of one or more helical circular plates 
welded to a central steel shaft and they provide a cost effective means to resist uplift or 
pullout loads. Following the work of Merifield (2011), the helical anchor is idealized as 
embedded circular plates, which avoid the difficulties in modeling the anchor’s helical pitch. 
Using a double-helix anchor as an example (Figure 4.15a), two horizontal and coaxial circular 
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anchor plates are placed at a depth H from ground surface and a vertical spacing S, and are 
subjected to vertical uplift load Qu. Due to the existence of singularities at the edges of anchor 
plates, a similar fan mesh is used as shown in Figure 4.15b. The collapse load Qu is generated 
from the integration of normal stresses along the interfaces of two anchor plates and adjoining 
soil mass, that is 
 
Figure 4. 15. (a) Problem definition and the associated stress boundary conditions; (b) the mesh used in 
the lower bound limit analysis 
     u l u l
upper plate lower plate





n refer to normal stresses on the upper and lower interfaces of the plate. 
Although helical anchors have been used in construction for over 200 years, and recently 
adopted into the International Building Code (2009) as a frequently requested and a widely 
accepted deep foundation, rigorous investigations of stability of multi-plate helical anchors 
were very limited. Most recently, with the use of the displacement finite-element software 
ABAQUS, Merifield (2011) investigated the ultimate uplift capacity of helical anchors in clay, 
and proposed a practical design framework to replace current semi-empirical design methods. 
He demonstrated that for a deep global failure mode that encompasses all the anchor plates 
(S/D<(S/D)cr), the following expression for uplift capacity is used 
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 
                                        (4.2.3a) 
where S is the spacing between each plate, and n is the number of helical plates. 
Table 4. 6. Results for Nγ for rough circular plate anchor in cohesionless soil 
































































Figure 4. 16. Failure mechanism of shallow and deep double-helix anchor in purely cohesive clay, 
where S/D=3 H/D=3 and H/D=7 
 
Figure 4. 17. Effect of overburden pressure on the failure mechanisms of a shallow double-helix anchor 
in purely cohesive clay, where H/D=3 and S/D=3 
In the case of S/D≥(S/D)cr, the limit capacity of screw anchors is given by 







                                                   (4.2.3b) 











                                                   (4.2.3c) 
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Consequently, Eq. (4.2.3) can be used to estimate the limiting ultimate uplift capacity of 
a multiple anchor system in clay. 
 
Figure 4. 18. Effect of overburden pressure on the failure mechanisms of a deep double-helix anchor in 
purely cohesive clay, where H/D=7 and S/D=3 
4.2.3.2 Results and discussion 
The failure mechanisms for shallow and deep double-helical anchors (i.e. H/D<7) in 
weightless soil are illustrated in Figure 4.16. It can be seen that the failure pattern extends to 
the ground surface, which indicates the ‘shallow’ behavior of anchors, as shown in Figure 
4.16a. As the embedment depth of the top plate anchor increases, for example H/D=7, the 
mode of failure is localized around the edge of anchors, i.e. a local ‘deep’ behavior of the 
upper anchor, as shown in Figure 4.16b. For clay with self-weight, Figure 4.17 presents the 
failure of shallow helical anchors with two plates, where S/D=3. In the case of strength ratios 
of γH/c≤2, the mode of failure of the top helix anchor remains largely unchanged reaching up 
to the surface, and as γH/c increases, the failure mode of the lower anchor plate changes to the 
deep failure mode as observed in Figure 4.17b. For H/D=7 and S/D=3, a global deep anchor 
failure mechanism is visible in Figure 4.18a and Figure 4.18b, whereas a local deep failure 
can also be observed in Figure 4.18c. These results agree well with those of Merifield (2011). 
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Figure 4. 19. Break-out factor of multi-helix anchor in purely cohesive clay, where γ=0 
The values of the ultimate capacity factor Nc for double-helical anchors with different 
values of embedment depth ratio H/D and spacing ratio S/D are illustrated in Figure 4.19. As 
expected, the break-out factor increases with the embedment depth of the top helix anchor. 
When the ratio of H/D is approximately larger than 6 (H/D≥6), the break-out factor is up to a 
limiting value, which reflects the transition from shallow to deep anchor behavior of the top 
anchor plate, regardless of the helix spacing ratio S/D. This observation is consistent with the 
illustration of the failure mechanism as shown in Figure 4.16. In the case when S/D=3, the 
lower bound solutions for the break-out factor are very close to the predictions of Eq. (4.2.3b) 
proposed by Merifield (2011), which is almost equal to the sum of individual bearing capacity 
of helix anchor. Actually, in practical design, Chance manufactures helical screw anchors 
with three-helix-diameters spacing to maximize the bearing capacity of a given soil. The 
results of break-out factor, accounting for the effect of overburden pressure γH/c, are given in 
Figure 4.20. Just like the behavior of a single plate anchor, Nc of shallow anchor will increase 
up to a limiting value close to the estimation of Eq. (4.2.3b) due to the existence of 
overburden pressure as shown in Figure 4.20a and Figure 4.20b. Also, this value indicates the 
transition from shallow to deep anchor behavior. For the deep anchor, the overburden 
pressure has a negligible effect on the break-out factor as shown in Figure 4.20c and Figure 
4.20d. In addition, the corresponding results for the bearing capacity factor are given in Table 
4.7. 



























































          
     
Figure 4. 20. Effect of overburden pressure on the break-out factor of shallow and deep helical anchors 
in purely cohesive clay 
4.3 Conclusions 
This Chapter presented a quasi-lower bound limit analysis for axisymmetrical problems in 
conjunction with finite elements and SOCP, in which the Mohr-Coulomb criterion was 
formulated as three 3-dimensional second-order cone constraints at each node in the mesh. 
This method was then applied to bearing capacity analysis of circular foundation and the 
determination of uplift capacity of single or multi-plate helical anchors. Compared with the 
results available from the literature, the present analysis is able to give an accurate prediction 
of the collapse load and is computationally more efficient than the LP approach employed by 
Khatri and Kumar (2009a). The key limitation to this study is that only axisymmetric 
problems can be addressed. For example, when a circular foundation or anchor is subjected to 
inclined and eccentric loading, our method cannot be applicable. We have to solve a three-
























































































































dimensional problem by using nonlinear (Lyamin and Sloan 2002a) or semidefinite 




Table 4. 7. Ultimate capacity factor Nc for helical anchors embedded in purely cohesive soil 
H/D γH/cu 
  Nc    
 n=2   n=3  
S/D=1 S/D=2 S/D=3 S/D=1 S/D=2 S/D=3 
1 0 7.92 11.84 13.8 12.15 20.05 25.54 
1 0.5 8.92 13.4 16.2 13.65 22.61 28.52 
1 1 9.92 14.91 17.05 15.15 25.13 29.32 
1 2 11.92 17.85 18.07 18.15 29.97 30.34 
1 3 13.9 19.07 19.07 21.15 — — 
1 5 17.9 — — — — — 
2 0 11.2 15.2 17.89 15.43 23.36 29.69 
2 0.5 11.9 16.2 19.52 16.43 24.87 31.77 
2 1 12.7 17.2 20.35 17.43 26.37 32.61 
2 2 14.2 19.2 21.35 19.43 29.37 33.60 
2 3 15.7 21.19 22.35 21.42 32.35 34.55 
2 5 18.6 24.3 24.3 25.31 — — 
3 0 13.18 17.18 20.42 17.38 25.33 32.19 
3 0.5 13.85 18.01 21.70 18.21 26.49 33.88 
3 1 14.51 18.85 22.33 19.04 27.66 34.58 
3 2 15.83 20.51 23.34 20.68 30 35.57 
3 3 17.09 22.12 24.29 22.27 32.25 36.49 
3 5 17.91 23.59 24.43 23.73 35.01 36.65 
4 0 14.55 18.56 22.14 18.75 26.71 33.91 
4 0.5 15.16 19.31 23.07 19.49 27.71 35.16 
4 1 15.78 20.06 23.71 20.22 28.7 35.94 
4 2 16.74 21.27 24.43 21.38 30.4 36.66 
4 3 16.99 21.77 24.44 21.9 31.41 36.64 
4 5 17.49 22.77 24.42 22.89 33.39 36.66 
5 0 15.59 19.62 23.28 19.79 27.75 35.05 
5 0.5 16.15 20.27 24.03 20.43 28.60 36.05 
5 1 16.44 20.67 24.43 20.8 29.19 36.63 
5 2 16.64 21.07 24.43 21.2 30 36.66 
5 3 16.84 21.47 24.43 21.6 30.8 36.66 
5 5 17.24 22.27 24.43 22.39 32.4 36.63 
6 0 16.24 20.27 23.93 20.4 28.39 35.69 
6 0.5 16.32 20.43 24.17 20.57 28.72 36.16 
6 1 16.41 20.6 24.37 20.74 29.06 36.54 
6 2 16.58 20.94 24.44 21.07 29.73 36.65 
6 3 16.74 21.27 24.43 21.41 30.4 36.66 
6 5 17.07 21.94 24.42 22.07 31.72 36.63 
7 0 16.24 20.27 23.94 20.4 28.39 35.7 
7 0.5 16.31 20.4 24.14 20.55 28.68 36.1 
7 1 16.39 20.56 24.33 20.69 28.97 36.45 
7 2 16.53 20.84 24.43 20.98 29.54 36.66 
7 3 16.67 21.13 24.43 21.26 30.1 36.66 
7 5 16.95 21.7 24.42 21.83 31.22 36.66 
8 0 16.24 20.27 23.94 20.42 28.39 35.7 
8 0.5 16.3 20.39 24.11 20.54 28.64 36.04 
8 1 16.37 20.51 24.28 20.67 28.9 36.37 
8 2 16.49 20.77 24.43 20.91 29.39 36.66 
8 3 16.62 21.02 24.44 21.17 29.9 36.66 
8 5 16.86 21.52 24.43 21.66 30.9 36.66 
9 0 16.24 20.28 23.94 20.42 28.4 35.7 
9 0.5 16.3 20.38 24.11 20.53 28.62 36 
9 1 16.35 20.5 24.25 20.64 28.84 36.29 
9 2 16.46 20.72 24.43 20.86 29.28 36.65 
9 3 16.57 20.94 24.43 21.08 29.73 36.66 
9 5 16.8 21.38 24.43 21.53 30.61 36.65 
10 0 16.24 20.27 23.94 20.41 28.4 35.7 
10 0.5 16.29 20.37 24.08 20.49 28.6 35.98 
10 1 16.34 20.47 24.08 20.61 28.8 36.24 
10 2 16.44 20.67 24.43 20.8 29.19 36.63 
10 3 16.54 20.87 24.44 21 29.6 36.65 
10 5 16.74 21.27 24.44 21.4 30.39 36.65 
                               —: optimization algorithm fails to converge. 
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Chapter 5 Stability analysis of geostructures in the presence 
of soil inertia 
5.1 Introduction 
Experimental and theoretical investigations have both clearly demonstrated that the stability 
of geostructures reduces substantially during earthquakes. Although it is possible to carry out 
a dynamic elasto-plastic dynamic analysis of geostructures in which the effect of imposed 
vibration can be examined in a controlled manner, such an analysis is often computationally 
expensive and moreover, it is difficult to achieve the convergence of results. Therefore, a 
complete dynamic analysis with using finite element method may not be applicable for 
practical design. On the other hand, in practice, pseudo-static analysis is widely used, which 
provides an easier way of stability analysis of geostructures for any imposed earthquake 
acceleration. In this procedure, the earthquake body forces are incorporated in addition to 
gravity forces. On this basis, the effect of seismic forces on the ultimate capacity of 
geostructures can be examined. In this Chapter, lower-bound limit analysis in conjunction 
with finite elements and SOCP as described in Chapter 2 will be employed to investigate the 
effect of soil inertia on the ultimate capacity of inclined anchors and passive earth pressure on 
rigid walls. 
5.2 The ultimate lift capacity of anchors 
5.2.1 General review 
Soil anchors, widely used in engineering structures (e.g. transmission tower foundations), are 
typically fixed to the structure and embedded in ground to sufficient depth so that they can 
resist pullout forces with safety. During the last 30 years a number of investigations have been 
performed to evaluate the ultimate pullout capacity of anchors by using the limit equilibrium 
technique (Meyerhof and Adams 1968; Meyerhof 1973; Murray and Guddes 1987 for static 
case; Choudhury and Subba Rao 2004, 2005 for pseudo-static case), analytical upper bound 
limit analysis (Murray and Geddes 1987, 1989 for static case; Kumar 2001, 2002a; Ghosh 
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2009, 2010 for pseudo-static case). The main disadvantage of these solutions is the need to 
presuppose the failure mechanism in advance, which may lead to inaccurate estimations to the 
collapse load. As an alternative, the method of stress characteristics also has been used by 
Neely et al. (1973) and Kumar and Rao (2004) to determine the static and pseudo-static 
capacity of anchors, respectively. In the procedure, one needs to assume the state of stress 
along the equivalent free surface, which is difficult to assume in a reasonably correct way, 
especially for inclined anchor under the condition of earthquake. 
Most recently, Bhattacharya and Kumar (2012) evaluated the seismic stability of vertical 
anchors by using finite element lower-bound limit analysis based on linear programming 
(Sloan 1988). However, very few rigorous solutions related to stability of inclined anchors 
embedded in sand are available, under the vertical and horizontal seismic loading. The present 
chapter will fill this gap. For the stability analysis of anchors, the results are obtained in the 
form of non-dimensional stability number Nc or Nγ as a function of embedment ratio (λ=Ha/B) 
for different values of horizontal (kh) earthquake acceleration coefficient, anchor inclination 
angle (α), and soil parameters. The obtained results have been compared with those available 
in literature. The developed failure mechanisms have also been examined. 
 
Figure 5. 1. General layout of the problem and boundary conditions 
5.2.2 Problem definition 
The problem geometry to be considered here is illustrated in Figure 5.1, along with the 
applied stress boundary conditions. An inclined anchor of width B at a depth Ha (measured 
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from the ground surface to the center of the anchor) is defined as an anchor placed at angle α 
to the horizontal direction. A horizontal anchor can be viewed as a special case of inclined 
anchor, where α=0°, while a vertical anchor is one with α=90°. The direction of pullout is 
perpendicular to the anchor face. The objective of lower bound limit analysis is to determine 
the ultimate uplift capacity Qu of inclined strip plate anchors. 
5.2.3 Static analysis 
5.2.3.1 Anchors in purely cohesive soil 
The anchor capacity Qu is presented in a form analogous to Terzaghi’s equation for surface 
footings. After obtaining the ultimate capacity Qu of an anchor, the break-out factor cN for 
clay can be determined as 
c uN Q Bc                                                       (5.2.1) 
In this case, no adhesion or suction between the clay and anchor is assumed, namely as 
immediately breakaway condition as proposed by Rowe & Davis (1982a). This indicates that 
the anchor-clay interface separates immediately upon pullout action. The corresponding 
anchor pullout capacity is always applied for practical design because it is more conservative 
when compared with the no breakaway case. Therefore, the immediately breakaway condition 
is used in this chapter, which has been used by Merifield (2002) for numerical limit analysis 
based on nonlinear programming. 
For inclined anchors in weightless clay, the break-out factor can be driven from 
 
o o o 20 90 0 o ο
0 0 0 0+ 90c c c cN N N N
        
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is the break-out factor for vertical and horizontal anchors. 
For a horizontal anchor in clay without soil weight, the following approximated 
expressions for the LB and UB solution of the break-out factor Nc0 is given by Merifield 
(2002) 
   
o o0 0
0 0LB: 2.56ln 2   UB: 2.76ln 2c a c aN H B N H B
                  (5.2.2b) 











LB: 2.46ln 2 0.89











                                     (5.2.2c) 
When the unit weight γ of clay is included, with the assumption that the effects of clay 
unit weight and shear strength are independent of each other and may be superimposed, the 
break-out factor can be calculated from 
 
Figure 5. 2. Break-out factor Nc for anchors in purely cohesive soil 
      













is the limit/ultimate break-out factor. 
   
Figure 5. 4. Effect of overburden pressure on the failure mechanism of vertical anchors 
     
Figure 5. 5. Effect of overburden pressure on the failure mechanism of inclined anchors 
Figure 5.2 presents the results of the break-out factor for horizontal anchor (Figure 5.2a), 
vertical anchor (Figure 5.2b), and inclined anchor (Figure 5.2c-d, where α=30° and 45°). 
These plots clearly demonstrate that the pullout capacity of anchor increases linearly with the 
increasing of γHa/c, which shows the validity of the assumption of superimposition of the 
overburden pressure (i.e. Eq. (5.2.2d)), and then reaches to a limit value for a certain value of 
γHa/c. This limit value reflects the transition from shallow (in this case, the failure mechanism 
extends up to the ground surface) to deep (in this case, the failure mechanism is localized 
around the anchor edge points) anchor behavior. These failure mechanisms are presented in 
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Figures 5.3-5.5 for horizontal and vertical anchors, respectively. In addition, the break-out 
factors of horizontal, vertical and inclined anchors agree well with the results of Merifield 
(2002). For deep anchors, the current Nc of inclined anchors (0°≤α≤90°) reaches the limit 
value of 11.3 approximately, which is very close to the solution 11.42 by Rowe & Davis 
(1982a) and 11.59 of Yu et al. (2011). By combining the present LB solutions and those UB 
solutions provided by Merifield (2002), the actual collapse load for inclined anchors is 
generally bracketed within about 5%, which is computed as  UB LBc c cN N N , where cN is 
given by  UB LB 2c c cN N N  . 
5.2.3.2 Anchors in cohesionless soil 
As similar to the work of Merifield and Sloan (2006), for numerical convenience, the ultimate 






                                                      (5.2.3) 
where γ is the unit weight of the soil and Nγ is the break-out factor. 
 
Figure 5. 6. Break-out factor Nγ for horizontal anchors in cohesionless soil 
It should be noted here that in order to run SOCP program MOSEK for determining the 
collapse load from the unit weight of the soil mass alone, a very small magnitude of soil 
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cohesion is always needed, as similar to linear programming used by Kumar et al. (2008). For 
validation, the present analyses are compared to the existing published results obtained by 
analytical upper bound limit analysis (e.g. Kumar 2001; Kumar 2002a; Ghosh 2010) or the 
method of stress characteristics (Kumar and Rao 2004). 
According to the work of Murray and Geddes (1987), the upper bound solution for the 






                                                     (5.2.4) 
Figure 5.6 clearly shows that the present LB solutions are always lower than and close to 
UB solutions given by Eq. (5.2.4) for the break-out factor of horizontal anchors, as the 
friction angle of soil increases. Therefore, Eq. (5.2.4) can be used to predict the ultimate 
capacity of horizontal anchors in frictional soils in practice. Figures 5.7 and 5.8 present the 
results for the Nγ factor of vertical and inclined strip plate anchors almost increase linearly 
with the variation of the embedment ratio Ha/B. 
 











Figure 5. 9. Failure mechanisms for (a) horizontal, (b) vertical and (c) inclined (α=45°) anchors in 
cohesionless soils, where Ha/B=5 and ϕ=35° 
Figure 5.9 summarizes some failure mechanisms for horizontal, vertical and inclined 
anchors in frictional soils. It can be seen that both mechanisms extend up to the ground 
surface. In particular, the mechanism for a horizontal anchor is symmetrical with respect to 
the center line of the anchor. Unlike the case of anchors in purely cohesive soil, no transition 
from the shallow to deep behavior is found for the case of cohesionless soil. These 
observations agree with earlier solutions reported by Merifield (2002). 
5.2.3.3 Recommendation for practical design 
For a given anchor width B and embedment depth Ha, and the representative values of soil 
parameters (i.e. c, γ, ϕ), the uplift capacity of an anchor in purely cohesive soil can be 
determined by using Eqs. (5.2.2a-d). On the other hand, when the anchor is embedded in 
cohesionless soil, Eq. (5.2.4) for horizontal anchors and design table 5.1 can be used. 
5.2.4 Pseudo-static analysis 
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The results are presented through a combination of graphs and tables for seismic uplift 
capacity factors. The following variations in the parameters are considered: α=0°, 25°, 30°, 
45°, 50°, 75° and 90°; ϕ=30°, 35°, 40°, and 45°; kh=0.1, 0.2, and 0.3; and kv=0, 0.5kh, and kh. 
5.2.4.1 Results and discussion 
Some failure mechanisms for horizontal, vertical and inclined (α=45°) anchors are illustrated 
in Figure 5.10, where kh=0.3. For horizontal anchor, the failure mechanisms become 
asymmetric unlike the static case and the lateral extent of the failure mechanism shifts 
towards the direction of kh. In addition, it can be seen that the shape of velocity field is curved 




Figure 5. 10. Failure mechanisms for (a) horizontal; (b) vertical; and (c) inclined strip plate anchors, in 
cohesionless soils, where ϕ=30°, and λ=10 
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Table 5. 1. The seismic stability of inclined anchors embedded in frictional soils 
α (°) ϕ (°) H/B 
 kv=0 kv=0.5kh kv=kh 
kh=0 0.1 0.2 0.3 0.1 0.2 0.3 0.1 0.2 0.3 
0 
30 
2 2.14 2.13 2.1 2.04 2.02 1.88 1.7 1.91 1.66 1.33 
4 3.29 3.28 3.23 3.11 3.12 2.88 2.58 2.95 2.54 2.02 
6 4.45 4.42 4.32 4.16 4.2 3.86 3.44 3.97 3.4 2.69 
8 5.6 5.55 5.41 5.2 5.27 4.83 4.3 4.98 4.25 3.36 
10 6.74 6.67 6.49 6.23 6.33 5.8 5.15 5.98 5.1 4.02 
35 
2 2.38 2.37 2.35 2.30 2.25 2.1 1.93 2.13 1.86 1.54 
4 3.78 3.77 3.72 3.63 3.58 3.34 3.02 3.39 2.95 2.41 
6 5.18 5.16 5.08 4.93 4.9 4.55 4.11 4.64 4.01 3.26 
8 6.57 6.54 6.42 6.22 6.21 5.74 5.18 5.88 5.06 4.11 
10 7.97 7.92 7.76 7.52 7.52 6.94 6.25 7.12 6.12 4.96 
40 
2 2.65 2.64 2.62 2.58 2.51 2.35 2.17 2.37 2.08 1.75 
4 4.33 4.32 4.28 4.20 4.10 3.84 3.52 3.88 3.4 2.82 
6 6 5.98 5.92 5.79 5.68 5.31 4.84 5.38 4.69 3.88 
8 7.67 7.65 7.55 7.37 7.26 6.77 6.16 6.88 5.98 4.94 
10 9.34 9.31 9.17 8.94 8.84 8.22 7.48 8.37 7.26 5.99 
45 
2 2.96 2.95 2.93 2.90 2.8 2.64 2.45 2.65 2.34 1.98 
4 4.96 4.94 4.91 4.85 4.7 4.41 4.08 4.45 3.91 3.3 
6 6.95 6.93 6.88 6.77 6.59 6.18 5.69 6.24 5.47 4.59 
8 8.94 8.91 8.84 8.68 8.47 7.92 7.28 8.02 7.01 5.87 
10 10.93 10.89 10.78 10.58 10.34 9.67 8.87 9.8 8.55 7.16 
25 
30 
3 2.85 2.81 2.73 2.62 2.66 2.44 2.16 2.52 2.15 1.67 
5 4.07 4 3.89 3.71 3.8 3.47 3.06 3.59 3.05 2.37 
7 5.27 5.2 5.05 4.81 4.93 4.5 3.96 4.67 3.95 3.07 
9 6.45 6.36 6.17 5.88 6.04 5.5 4.84 5.71 4.83 3.76 
35 
3 3.26 3.21 3.14 3.04 3.05 2.81 2.53 2.89 2.48 2 
5 4.73 4.67 4.56 4.41 4.43 4.08 3.66 4.19 3.6 2.89 
7 6.22 6.13 5.99 5.77 5.82 5.35 4.79 5.51 4.71 3.78 
9 7.68 7.59 7.41 7.14 7.2 6.62 5.92 6.82 5.83 4.67 
40 
3 3.71 3.67 3.61 3.52 3.49 3.23 2.94 3.3 2.86 2.35 
5 5.49 5.42 5.33 5.19 5.15 4.77 4.33 4.87 4.21 3.46 
7 7.29 7.19 7.05 6.86 6.83 6.32 5.72 6.46 5.57 4.56 
9 9.06 8.95 8.78 8.54 8.5 7.86 7.11 8.04 6.94 5.67 
45 
3 4.24 4.2 4.15 4.07 3.99 3.72 3.42 3.78 3.29 2.75 
5 6.36 6.3 6.21 6.09 5.98 5.57 5.11 5.66 4.93 4.11 
7 8.51 8.42 8.29 8.12 8 7.43 6.81 7.57 6.57 5.47 
9 10.64 10.53 10.37 10.15 10 9.29 8.5 9.47 8.22 6.82 
30 
30 
3 2.92 2.87 2.78 2.66 2.72 2.49 2.19 2.57 2.18 1.7 
5 4.17 4.09 3.97 3.78 3.88 3.54 3.11 3.67 3.1 2.4 
7 5.39 5.31 5.15 4.9 5.04 4.59 4.03 4.77 4.02 3.11 
9 6.57 6.48 6.28 5.98 6.21 5.74 5.16 5.88 5.06 4.06 
35 
3 3.34 3.29 3.21 3.10 3.21 3.05 2.82 3.04 2.7 2.26 
5 4.87 4.79 4.67 4.5 4.66 4.37 4.01 4.42 3.87 3.21 
7 6.38 6.29 6.13 5.9 6.07 5.66 5.17 5.75 5 4.13 
9 7.87 7.77 7.58 7.29 7.46 6.94 6.32 7.06 6.13 5.05 
40 
3 3.82 3.77 3.7 3.6 3.58 3.31 3.01 3.39 2.93 2.4 
5 5.66 5.58 5.47 5.32 5.29 4.89 4.43 5.01 4.32 3.53 
7 7.51 7.4 7.24 7.03 7.02 6.48 5.86 6.64 5.72 4.66 
9 9.32 9.2 9.01 8.75 8.85 8.28 7.61 8.38 7.33 6.13 
45 
3 4.38 4.33 4.27 4.18 4.19 3.98 3.74 3.97 3.54 3.05 
5 6.59 6.51 6.4 6.26 6.31 5.97 5.55 5.98 5.3 4.51 
7 8.79 8.69 8.54 8.35 8.4 7.91 7.33 7.96 7.01 5.94 
9 10.98 10.86 10.67 10.43 10.46 9.83 9.09 9.91 8.71 7.36 
45 30 
3 3.21 3.12 3 2.86 3.11 2.95 2.72 2.95 2.62 2.17 
5 4.57 4.47 4.31 4.08 4.37 4.09 3.72 4.14 3.62 2.96 
7 5.86 5.76 5.57 5.28 5.57 5.18 4.69 5.27 4.57 3.72 





Table 5.1. (continued) 
α (°) ϕ (°) H/B 
 kv=0 kv=0.5kh kv=kh 
kh=0 0.1 0.2 0.3 0.1 0.2 0.3 0.1 0.2 0.3 
45 
35 
3 3.82 3.62 3.52 3.38 3.6 3.44 3.2 3.42 3.06 2.59 
5 5.43 5.31 5.14 4.92 5.2 4.9 4.51 4.93 4.34 3.63 
7 7.05 6.94 6.74 6.47 6.72 6.29 5.77 6.36 5.57 4.63 
9 8.65 8.54 8.31 7.97 8.22 7.67 7.02 7.78 6.78 5.62 
40 
3 4.31 4.22 4.11 3.98 4.16 3.98 3.74 3.95 3.54 3.04 
5 6.4 6.27 6.1 5.9 6.15 5.81 5.4 5.83 5.15 4.37 
7 8.42 8.29 8.08 7.81 8.04 7.56 7 7.62 6.7 5.66 
9 10.41 10.28 10.04 9.72 9.91 9.29 8.58 9.38 8.23 6.93 
45 
3 5 4.92 4.81 4.69 4.82 4.61 4.35 4.57 4.1 3.56 
5 7.54 7.41 7.24 7.05 7.24 6.88 6.42 6.86 6.1 5.23 
7 10.01 9.87 9.66 9.39 9.57 9.04 8.41 9.07 8.01 6.84 
9 12.46 12.32 12.07 11.74 11.87 11.18 10.39 11.25 9.91 8.44 
50 
30 
3 3.36 3.25 3.12 2.95 3.08 2.78 2.42 2.91 2.43 1.85 
5 4.74 4.64 4.47 4.22 4.4 3.98 3.46 4.16 3.48 2.64 
7 6.07 5.96 5.75 5.44 5.65 5.12 4.46 5.35 4.49 3.42 
9 7.34 7.21 6.96 6.59 6.84 6.2 5.41 6.47 5.43 4.17 
35 
3 3.91 3.81 3.68 3.52 3.61 3.28 2.91 3.42 2.88 2.28 
5 5.67 5.54 5.36 5.13 5.26 4.78 4.23 4.98 4.2 3.32 
7 7.36 7.23 7.02 6.73 6.86 6.27 5.55 6.49 5.51 4.35 
9 8.99 8.87 8.62 8.26 8.42 7.7 6.82 7.96 6.77 5.35 
40 
3 4.56 4.46 4.33 4.18 4.23 3.87 3.48 4 3.41 2.76 
5 6.73 6.6 6.41 6.18 6.26 5.72 5.13 5.92 5.04 4.07 
7 8.84 8.7 8.48 8.18 8.26 7.58 6.8 7.81 6.67 5.39 
9 10.9 10.76 10.51 10.17 10.21 9.4 8.45 9.66 8.28 6.7 
45 
3 5.32 5.22 5.1 4.96 4.96 4.57 4.15 4.69 4.03 3.32 
5 7.97 7.83 7.65 7.43 7.43 6.84 6.2 7.03 6.03 4.96 
7 10.59 10.43 10.21 9.91 9.9 9.13 8.27 9.37 8.05 6.61 
9 13.14 12.98 12.73 12.38 12.32 11.9 10.34 11.66 10.05 8.27 
75 
30 
3 4.49 4.23 4.03 3.76 4.01 3.58 3.05 3.79 3.12 2.27 
5 6.04 5.88 5.63 5.29 5.58 5.01 4.31 5.27 4.38 3.23 
7 7.58 7.1 7.11 6.69 7.02 6.33 5.46 6.64 5.53 4.13 
9 9 8.81 8.46 7.97 8.35 7.53 6.51 7.9 6.59 5.01 
35 
3 5.38 5.2 4.98 4.71 4.93 4.43 3.86 4.66 3.88 3 
5 7.56 7.38 7.11 6.76 7 6.34 5.56 6.62 5.56 4.33 
7 9.6 9.41 9.1 8.68 8.93 8.12 7.15 8.45 7.13 5.57 
9 11.54 11.33 10.97 10.46 10.75 9.78 8.62 10.17 8.59 6.75 
40 
3 6.6 6.4 6.16 5.88 6.07 5.49 4.85 5.74 4.82 3.81 
5 9.44 9.23 8.94 8.58 8.75 7.98 7.1 8.28 7.01 5.6 
7 12.1 11.89 11.56 11.13 11.28 10.33 9.23 10.67 9.09 7.28 
9 14.66 14.43 14.06 13.55 13.7 12.56 11.24 12.96 11.06 8.91 
45 
3 8.12 7.91 7.65 7.35 7.5 6.83 6.1 7.09 6.01 4.84 
5 11.79 11.56 11.25 10.87 10.96 10.05 9.04 10.37 8.85 7.19 
7 15.26 15.01 14.67 14.22 14.25 13.12 11.85 13.48 11.57 9.45 
9 18.59 18.34 17.95 17.44 17.41 16.06 14.56 16.47 14.17 11.67 
90 
30 
2 2.92 2.77 2.59 2.39 2.62 2.3 1.92 2.48 2 1.42 
4 5.19 5.01 4.77 4.45 4.75 4.23 3.6 4.49 3.69 2.66 
6 7.1 6.91 6.61 6.19 6.55 5.87 5.03 6.19 5.13 3.76 
8 8.84 8.62 8.25 7.74 8.17 7.34 6.3 7.73 6.41 4.75 
10 10.44 10.19 9.77 9.18 9.67 8.68 7.48 9.14 7.59 5.68 
35 
2 3.65 3.48 3.29 3.07 3.3 2.92 2.5 3.12 2.55 1.92 
4 6.66 6.45 6.18 5.84 6.12 5.5 4.79 5.78 4.82 3.7 
6 9.25 9.02 8.69 8.25 8.56 7.74 6.77 8.1 6.78 5.26 
8 11.6 11.4 11 10.4 10.8 9.79 8.58 10.21 8.58 6.67 




Table 5.1. (continued) 
α (°) ϕ (°) H/B 
kv=0 kv=0.5kh kv=kh 
kh=0 0.1 0.2 0.3 0.1 0.2 0.3 0.1 0.2 0.3 
90 
40 
2 4.60 4.42 4.21 3.97 4.19 3.74 3.27 3.95 3.28 2.55 
4 8.59 8.35 8.04 7.67 7.92 7.17 6.33 7.49 6.29 4.97 
6 12.07 11.79 11.42 10.94 11.19 10.19 9.05 10.58 8.95 7.13 
8 15.3 15 14.6 14 14.23 13 11.57 13.46 11.43 9.12 
10 18.31 17.99 17.5 16.83 17.08 15.63 13.94 16.16 13.75 10.99 
45 
2 5.89 5.68 5.45 5.2 5.39 4.86 4.3 5.09 4.26 3.39 
4 11.18 10.9 10.55 10.15 10.34 9.42 8.43 9.78 8.29 6.68 
6 15.85 15.52 15.11 14.59 14.73 13.5 12.13 13.94 11.89 9.64 
8 20.2 19.9 19.4 18.7 18.84 17.32 15.6 17.83 15.26 12.42 
10 24.29 23.93 23.38 22.66 22.7 20.91 18.87 21.49 18.43 15.03 
 
Figure 5. 11. Typical results for the break-out factor Nγ of inclined anchors embedded in frictional soils 
Figure 5.11 presents the results of the break-out factor Nγ for horizontal, vertical and 
inclined anchors. More results for the break-out factor Nγ are summarized in Table 5.1. It can 
be seen that the capacity of the anchor increases with increasing in the embedment depth 
(λ=Ha/B), the soil friction angle (ϕ), and reduces with an increase in kh. With considering the 
vertical soil inertia, the pullout resistance decreases substantially with an increase in kv. This 
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effect for a given value of kh becomes higher for greater values of kv. For kh=0.3, α=60°, ϕ=40° 
and λ=5, an increase in kv from 0 to kh causes a reduction equal to 37.6%. This variation can 
also be observed in other cases from the data summarized in Table 5.1. As similar to the static 
case, the ultimate capacity of anchors increases continuously with an increase in the 
embedment depth. For instance, with kh=0.2, kv=0, α=45°, and ϕ=35°, an increase in the value 
of H from 3B to 5B results in an increase of 46% in the value of Nγ. On the other hand, with 
an increase in the value of H/B from 7 to 9, by keeping the other parameters to be exactly the 
same, corresponding increase in the break-out factor Nγ is found to be 23.3%. This indicates 
that the increase in Nγ for a given increment in H/B becomes smaller for greater values of H/B. 
In addition, an increase in the value of soil friction angle ϕ also leads to an increase in the 
pullout resistance Nγ in all cases. For λ=7 with kh=0.3, kv=0.15, and α=15°, the magnitude of 
Nγ increases from 5.46 to 11.85 corresponding to an increase in the value of ϕ from 30° to 45°. 
Furthermore, the effect of anchor inclination angle α on the stability of anchors is shown in 
Table 5.1, where kh=0.2, kv=0.1, ϕ=45°, and λ=5. In this case, a reduction of α from 65° to 15° 
causes an increase in the value of Nγ from 5.57 to 10.05. This suggests that the anchor 
inclination angle α has a significant effect on the collapse load of an inclined anchor. In fact, 
according to the results developed by Merifield and Sloan (2006), the ultimate capacity of a 
vertical anchor is much higher than that of a horizontal anchor. These two values constitute an 
upper and a lower bound of the capacity of an anchor inclined at angle α of vertical direction. 
5.2.4.2 Comparison with the existing results 
For a smooth vertical anchor with kh for ϕ=30° and 40°, λ=3 and 5, the lower bound to the 
break-out factor Nγ are compared with the solutions proposed by (i) Kumar (2002) based on 
the upper bound limit analysis with the assumption of the bilinear and composite log-
sandwich failure mechanism; (ii) Bhattacharya and Kumar (2012) using the lower bound 
finite element limit analysis incorporated with linear programming. The associated 
comparison of results is provided in Figure 5.12. It can be noted that the present Nγ values are 
higher than the lower bounds reported by Bhattacharya and Kumar (2012) and lower than the 
upper bounds of Kumar (2002). In the case of a rough vertical anchor with the same input 
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parameters as the smooth case, the present results of Nγ are compared with (i) Kumar (2002); 
(ii) Kumar and Rao (2004) based on the method of characteristics; and (iii) Bhattacharya and 
Kumar (2012) as shown in Figure 5.13. The present results are found to be higher than the 
solutions of Kumar and Rao (2004) obtained by assuming the stress distribution along the 
equivalent free surface. 
     
Figure 5. 12. Comparison of the horizontal pullout capacity factor Nγ: (a) λ=3; (b) λ=5, where δ=0° 
   
Figure 5. 13. Comparison of the horizontal pullout capacity factor Nγ: (a) λ=3; (b) λ=5, where δ=ϕ 
For inclined anchors, the present lower bounds of Nγ for smooth and rough anchor, 
where α=65°, and 40° are compared with the upper bound solutions of Ghosh (2010) based on 
assumed bi-linear and logarithmic spiral failure mechanism. It is noted that the obtained 
results of Nγ are a little smaller than those of Ghosh (2010). However, the discrepancy is 
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minor as shown in Figure 5.14. For partially rough anchor soil-surface (i.e. δ=0.5ϕ), a similar 
trend can be observed in Figure 5.15. 
 
Figure 5. 14. Comparison of the break-out factor Nγ for inclined anchor: (a) α=65°; (b) α=40°, where 
λ=3 and δ=0° 
         
Figure 5. 15. Comparison of the break-out factor Nγ for inclined anchor: (a) α=65°; (b) α=40°, where 
λ=3 and δ=0.5ϕ 
5.3 Passive earth pressure 
5.3.1 General review 
The determination of the passive earth pressure of a fill on a retaining wall is one of the 
classical stability problems in soil mechanics. From the knowledge of passive earth pressures 
a variety of stability problems such as retaining walls, sheet piles, bridge abutments, anchor 
blocks, and group pile caps can be handled suitably. In the static case, traditional analytical 
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approaches such as those attributed to Rankine and Coulomb have been widely used in 
practice. The Rankine method assumes a smooth wall and the resultant passive force is 
inclined at an angle equal to the angle of surface inclination behind the wall. In Coulomb’s 
approach, the friction angle along the wall-soil interface is between zero and the internal 
friction angle of the backfill material. The passive force is determined according to the 
equilibrium constraints based on the assumption of plane failure surfaces. However, this 
assumption is not reasonable for rough walls and thus Coulomb’s method may give unsafe 
prediction of the passive earth pressure. 
In the presence of soil inertia, current practice for computing earth pressure relies on an 
extension of the Coulomb theory with assuming planar failure surfaces, due to Okabe (1924) 
and Mononobe and Matsuo (1929), and referred to in the literature as the Mononobe-Okabe 
method (Seed and Whitman 1970; Richards et al. 1979; Davies et al. 1986; Fang et al. 1995; 
Wu and Finn 1999; Fardis et al. 2005). It was well recognized that Mononobe-Okabe 
equation can result in unconservative estimates of the passive earth pressure if the wall 
interface friction angle is greater than half the soil internal friction angle. The accuracy of 
limit equilibrium method was further improved by assuming curved or composite failure 
mechanism, such as Morison and Ebeling (1995), Kumar (2001), Rao and Choudhury (2005), 
and Ghosh and Kolathayar (2011). An inherent limitation of the limit equilibrium method is 
the need to presuppose an appropriate failure mechanism in advance, as this may affect the 
accuracy of the solution (Chen 1975). Although the method of characteristics used by Caquot 
and Kérisel (1948), Kumar and Chitikela (2002) is mathematically rigorous, since it does not 
require the assumption of the failure mechanism, it is difficult to apply, especially for 
problems with complex geometries or complicated loading. On the other hand, it should be 
mentioned that although the solution procedure used in Soubra (2000), Soubra and Macuh 
(2002) is relatively simple and it allows one to qualify the obtained results as strict upper 
bounds (UB) to the exact solutions, the UB solutions obtained by this approach provide 
unsafe results. Moreover, the solutions depend on the failure mechanism chosen for the 
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problem, and therefore, their utility is limited unless a large number of mechanisms are 
investigated. 
The aim of this section is to determine the seismic passive earth pressure of an inclined 
wall with an inclined backfill of cohesionless material using a lower bound (LB) approach in 
limit analysis in order (i) to provide safe solutions, (ii) to identify the bracket between the 
present LB solutions and the best existing UB ones, and (iii) to provide some design tables for 
the general case of an inclined wall and a sloping backfill, which allows a practical engineer 
to easily use the present results. 
5.3.2 Problem definition 
The seismic passive earth pressure problem considered in this section is illustrated in Figure 
5.16a. The magnitude of the passive earth pressure coefficients Kpγ for an inclined wall and a 
sloped backfill in the presence of soil inertia is to be determined. The sign conventions for 
parameters used here are presented in Figure 5.16c. λ is the rotation angle of the back of the 
wall counterclockwise from the vertical, and β is the angle of rotation of the backfill 
counterclockwise from the horizontal. In this section, the soil is assumed to be cohesionless 
with the angle of internal friction ϕ. In addition, it is convenient to use a soil-wall friction 
angle δ to represent the wall roughness so that δ=0 models a perfectly smooth wall and δ=ϕ 
indicates a perfectly rough wall. 
The stresses σn (normal to the back surface of the wall) and τt (tangential to the back 
surface of the wall) are developed at the back wall-soil interface. Figure 5.16b shows the free-
body diagram for the back wall-soil interface. Pn denotes the resultant force normal to the 
back surface of the wall, which is the integration of σn along the wall AB. Pt is the resultant 
force tangential to the back surface of the wall, which can be expressed as the integration of τt 
along the wall AB. Pp is the resultant passive earth pressure, which is inclined at an angle α 
with the normal to the wall. These forces should satisfy the following equilibrium conditions 
0 : cos
0 : sin
n p n n
AB
t p t t
AB
F P P ds













Figure 5. 16. (a) General layout of the problem; (b) stress boundary conditions; (c) sign convention in 
the analysis 
Consequently, following the definition of the passive earth pressure coefficients Kpγ as 
used by Caquot and Kérisel (1948), Soubra (2000), Soubra and Macuh (2002), we have 
21
2
p pP K l                                                        (5.3.2) 
where l is the length of the wall. 
The angle of friction along the soil-wall interface is specified equal to δ. The following 
relationship between the shear stress τt and normal stress σn is used  
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tant n                                                         (5.3.3) 
In this case, the objective function can be defined as  






                             (5.3.4) 
After obtaining Pp, the passive earth pressure coefficient Kpγ can be computed according 
to Eq. (5.3.2). Note that the direction α of Pp can be determined as tan t nP P  in advance. 
The assumptions used in the analysis can be summarized as follows 
(1) The average ground acceleration is assumed to be less than 0.3g (where g is 
acceleration of gravity). In this situation, the mechanical properties of most soils do 
not change significantly. This hypothesis is currently made by consulting 
geotechnical engineers (Commission of the European Communities 1994), and it has 
been adopted in the seismic stability analysis of geotechnical problems (Soubra 2000, 
and Shiau et al. 2006). 
(2) A constant seismic coefficient is assumed for the entire soil mass involved. Only the 
horizontal seismic coefficient kh is considered, the vertical seismic coefficient often 
being disregarded. 
(3) The soil is assumed to be perfectly plastic with an associated flow rule and obeys the 
Mohr-Coulomb yield criterion. 
5.3.3 Results and discussion 
5.3.3.1 Static case 
Failure mechanism 
Using the finite element mesh as shown in Figure 5.17, the total computational time including 
the generation of various constraints and solving the SOCP problem by the present method 
was about 207 seconds. For comparison purposes and the practical need, it is important to 
locate the lateral extent L of the failure surface. Morrison and Ebeling (1995) demonstrated a 
practical application of the lateral extent of the failure surface. This distance will be used to 
locate the anchor block for the design of anchored sheet pile walls. When λ=0° and β=0°, 
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Figure 5.18 shows the velocity fields for a smooth rigid wall obtained from lower bound 
calculations with ϕ=25° and ϕ=40°, together with the Rankine solutions, which are exact. The 
slip surface is almost straight, which shows an excellent agreement with the exact solutions. 
These plots clearly demonstrate that the horizontal extent L of the failure mechanism 
increases with an increase in the soil friction angle, for example, L=3.14 (cf. Figure 5.18a) 
and 4.29 (cf. Figure 5.18b) for ϕ=25° and 40°.  
 
Figure 5. 17. Typical FE mesh for lower bound limit analysis, where β=0° and θ=90° 
 
 
Figure 5. 18. Failure mechanisms for smooth rigid wall under the static load, where θ=90° and β=0° 
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In the case of the rough wall surface as shown in Figure 5.19, the shape of the developed 
slip surface is curved rather than a linear plane surface, which indicates that those methods 
such as Coulomb’s theory based on the assumption of a linear plane failure surface may 
significantly overestimate the passive earth pressure especially for greater values of the wall 
friction δ. These methods can be improved by assuming a log-spiral failure surface. This fact 




Figure 5. 19. Failure mechanisms for rough wall under the static load, where θ=90° and β=0° 
The values of δ mobilized 
For partially rough wall-soil interface (i.e. δ<ϕ), the values of δ mobilized are equal to the 
wall friction. This indicates that the wall friction at the wall-soil interface is fully mobilized. 
For example, δmobilized=30º for ϕ=45º, δ=2ϕ/3, β=0, and λ=0. However, it was found that the 
wall friction is not fully developed (i.e. δmobilized< δ) for perfectly rough wall (i.e. δ=ϕ), which 
has already been observed by Potts & Fourie (1986) and Shiau et al. (2008). For instance, 
δmobilized=34.25º for ϕ=35º, δ=ϕ, β=0, and λ=0. 
Comparison with the existing LB solutions 
For a vertical wall with a horizontal backfill (i.e. 0, 0   ), the present LB solution is 
compared with the solution provided by Shiau et al. (2008) using numerical limit analyses 
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based on nonlinear programming technique (Lyamin and Sloan 2002a). As can be seen from 
Figure 5.20, there is an excellent agreement between the present LB solution and the LB 
solution obtained by Shiau et al. (2008) for a smooth wall or
o
40  regardless of the wall 
friction δ. However, a maximal discrepancy exists in the case of
o
45  and  , where the 
relative reduction to Shiau’s LB solution is about 16%. A possible explanation on the fact that 
Shiau’s solution is greater than the present solutions may be related to the approximation of 
the non-linear programming technique. 
 
Figure 5. 20. The effect of slope inclination on the velocity field obtained from lower bound limit 
analysis 
Comparison with Caquot and Kérisel (1948) 
Based on the method of characteristics, the solutions for Kpγ given by Caquot and Kérisel 
(1948) have been widely accepted in practice. Therefore, the present analyses will be 
compared with these solutions. For 0, 0   , Figure 5.21a presents the comparison of the 
present LB solutions with those of Caquot and Kérisel (1948) (cf. Kérisel and Absi 1990) 
when  . It is found that the present LB values are almost equal to or relatively smaller 
than those of Caquot and Kérisel, with the maximum difference of 3% for
o
45  . 
For the general case of an inclined wall and a sloping backfill ( 0, 0   ), Figure 
5.21b compares the present solutions for Kpγ and those of Caquot and Kérisel (1948) (cf. 
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Kérisel and Absi 1990) when
o
45  and  . This case was chosen because it involves 
great values of and , thus it corresponds to a case where the discrepancy between authors’ 
results is maximal. The present results are always smaller than those of Caquot and Kérisel 
(1948). The difference increases with an increase in β, and it attains the maximal value, i.e. 
29%, when   and
o
15   . Therefore, for great values of ϕ, δ, and β, and for negative 









Figure 5. 22. Comparison of static horizontal earth pressure on rigid walls, where θ=90°, β=0°, and 
ϕ=25° 
Table 5. 2. Seismic passive earth pressure coefficient Kpγ (β=0, λ=0) 
kh ϕ (°) 
δ/ϕ 
0 1/3 1/2 2/3 1 
0 
20 2.04 2.37 2.52 2.66 3.03 
25 2.46 3.03 3.31 3.56 4.33 
30 3 3.96 4.46 4.93 6.45 
35 3.69 5.3 6.21 7.12 10.2 
40 4.6 7.36 9.07 10.86 17.4 
45 5.82 10.7 14.07 17.83 32.5 
0.1 
20 1.89 2.18 2.35 2.5 2.77 
25 2.3 2.84 3.13 3.43 3.98 
30 2.82 3.76 4.3 4.88 6 
35 3.5 5.09 6.11 7.26 9.56 
40 4.38 7.15 9.11 11.5 16.4 
45 5.58 10.5 14.5 19.5 30.9 
0.2 
20 1.71 1.95 2.08 2.21 2.44 
25 2.12 2.58 2.84 3.1 3.6 
30 2.63 3.46 3.94 4.48 5.5 
35 3.29 4.75 5.68 6.74 8.88 
40 4.15 6.72 8.55 10.7 15.4 
45 5.33 9.98 13.7 18.5 29.2 
0.3 
20 1.47 1.64 1.74 1.83 2.01 
25 1.91 2.27 2.49 2.71 3.14 
30 2.42 3.13 3.56 4.03 4.94 
35 3.06 4.37 5.21 6.18 8.13 
40 3.91 6.27 7.95 9.98 14.3 
45 5.07 9.4 12.9 17.4 27.4 
Comparison with the existing UB solutions 
For the case of an inclined wall and a sloping backfill, the present Kpγ values and the UB 
solutions of Soubra & Macuh (2002) and Soubra (2000) are plotted in Figure 5.22, when
o
45  and  , which also corresponds to the maximum difference between the present 
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results and those of Soubra & Macuh (2002) and Soubra (2000). As can be seen in Figure 
5.22, the present results are smaller than those of Soubra and Macuh (2002). The maximum 
difference is 32% at β=ϕ and
o
15   . 
 
 
Figure 5. 23. The developed wall friction in the static case for various values of ϕ for rough wall, where 
θ=90° and β=0° 
Table 5. 3. Seismic passive earth pressure coefficient Kpγ (β=0, λ≠0) for δ=ϕ 
λ (°) kh 
ϕ (°) 
20 25 30 35 40 45 
30 
0 1.71 2.14 2.77 3.73 5.30 8.02 
0.1 1.57 2 2.59 3.51 5.03 7.64 
0.2 1.4 1.81 2.39 3.28 4.74 7.25 
0.3 1.17 1.6 2.17 3.03 4.43 6.86 
20 
0 2.12 2.77 3.74 5.31 8.02 12.97 
0.1 1.95 2.57 3.5 5.00 7.59 12.37 
0.2 1.73 2.33 3.23 4.66 7.14 11.71 
0.3 1.44 2.05 2.92 4.29 6.65 11.04 
10 
0 2.57 3.5 4.95 7.39 11.8 20.43 
0.1 2.34 3.23 4.61 6.95 11.16 19.43 
0.2 2.08 2.93 4.24 6.45 10.48 18.4 
0.3 1.72 2.57 3.82 5.92 9.75 17.31 
-10 
0 3.5 5.22 8.15 13.56 24.51 48.83 
0.1 3.18 4.8 7.55 12.69 23.11 46.33 
0.2 2.79 4.32 6.9 11.76 21.64 43.72 
0.3 2.29 3.75 6.2 10.74 20.06 41.04 
-20 
0 3.99 6.27 10.4 18.38 35.57 76.22 
0.1 3.6 5.74 9.58 17.15 33.44 71.65 
0.2 3.15 5.14 8.73 15.84 31.27 68.38 
0.3 2.56 4.44 7.79 14.44 28.98 63.58 
-30 
0 4.46 7.39 12.9 24.34 50.21 115.9 
0.1 4 6.73 11.9 22.69 47 110.9 
0.2 3.48 6 10.8 20.92 44.14 103.5 
0.3 2.79 5.16 9.62 19.02 40.68 96.61 
─: the optimization algorithm fails to converge. 
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5.3.3.2 Pseudo-static case 
General observations 
Earthquakes have the unfavorable effect of reducing the passive earth pressures. To 
investigate how the passive earth pressure coefficients Kpγ are affected by earthquakes, 
extensive numerical results based on the present method are presented in Tables 5.2-5.5. As 
expected, the passive earth pressure coefficient Kpγ decreases with an increase in kh. The 
reduction is more significant for looser soils with lower values than for denser soils with 
higher  values. For instance, for   and 0, 0   , the reduction of Kpγ is 16% for
o
45  and 26% for o20  , when kh increases from 0 to 0.3. Figure 5.23 illustrates that the 
failure mechanism becomes more extended as the acceleration intensity increases, where
o
45  ,  , λ=0° and β=0°. Therefore, it can be concluded that the seismic acceleration 
generated by earthquakes not only imposes extra loading on a soil mass but also shifts the 
sliding surface to less favorable positions. A similar trend has also been observed by Soubra 
(2000). 
 
Figure 5. 24. The variation of velocity fields with the change in kh, where β=0°, ϕ=40°, and θ=90° 
Comparison with Mononobe-Okabe solution 
By using Mononobe-Okabe equation, the seismic passive earth pressure coefficient Kpγ can be 
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where ψ=tan-1(kh/(1-kv)) , and kv =0 here. 
In the case of a vertical wall and a horizontal backfill, the present LB results of Kpγ and 
the Mononobe-Okabe solutions are presented in Figure 5.24 where kh=0.1, and
o
45  . They 
are in a good agreement only for 0  . However, the Mononobe-Okabe equation gives 
unconservative estimations of Kpγ even for relatively low value of δ. Therefore, Eurocode 8 
suggests the use of the Mononobe-Okabe formula by neglecting the wall roughness (Fardis et 
al. 2005). 
Table 5. 4. Seismic passive earth pressure coefficient Kpγ (β≠0, λ=0) for δ=ϕ 
β (°) kh 
ϕ (°) 
20 25 30 35 40 45 
-20 
0 0.94 1.56 2.19 3.11 4.57 7.06 
0.1 ─ ─ 1.71 2.6 3.94 6.24 
0.2 ─ ─ ─ 1.98 3.26 5.37 
0.3 ─ ─ ─ ─ 2.42 4.42 
-15 
0 1.54 2.11 2.9 4.11 6.10 9.55 
0.1 ─ 1.69 2.46 3.59 5.45 8.77 
0.2 ─ ─ 1.91 3.02 4.74 7.83 
0.3 ─ ─ ─ 2.3 3.96 6.8 
-10 
0 1.99 2.68 3.69 5.29 8.03 13.04 
0.1 1.64 2.31 3.27 4.78 7.34 12.06 
0.2 ─ 1.85 2.79 4.2 6.59 11.01 
0.3 ─ ─ 2.18 3.56 5.80 9.91 
-5 
0 2.41 3.28 4.58 6. 7 10.41 17.39 
0.1 2.13 2.94 4.16 6.17 9.63 15.14 
0.2 1.74 2.54 3.70 5.59 8.91 13.96 
0.3 ─ 2.02 3.12 4.58 7.04 12.31 
5 
0 3.48 5.05 7.66 12.34 21.64 41.65 
0.1 3.25 4.74 7.23 11.74 20.74 40.06 
0.2 2.98 4.39 6.77 11.15 19.74 38.27 
0.3 2.64 3.99 6.26 10.35 18.65 36.67 
10 
0 3.94 5.84 9.05 15.03 27.02 54.01 
0.1 3.74 5.56 8.65 14.43 25.92 52.62 
0.2 3.5 5.25 8.25 13.83 25.13 51.02 
0.3 3.24 4.91 7.78 13.14 24.13 49.23 
15 
0 4.37 6.63 10.56 18.01 33.4 69.36 
0.1 4.21 6.41 10.26 17.51 32.7 68.06 
0.2 4.03 6.16 9.87 17.02 31.81 66.77 
0.3 3.81 5.87 9.472 16.42 31.01 65.37 
20 
0 4.77 7.43 12.15 21.2 40.78 87.59 
0.1 4.68 7.28 11.95 20.9 40.28 86.7 
0.2 4.54 7.09 11.65 20.5 39.78 86 
0.3 4.38 6.86 11.35 20.1 39.09 85.3 
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Comparison with the existing UB solutions 
The results of Kpγ given by the present lower bound limit analysis and those given by Soubra 
(2000) using upper bound limit analysis with assuming a translational multi-block failure 
mechanism are presented in Figure 5.25 for 0, 0   . As expected, the present solutions 
are lower than those of Soubra (2000). When 0  , they are in excellent agreement, and the 
difference between the two methods becomes greater with an increase in  and  . The 
maximal discrepancy exists at
o
45  and   , which is equal to 18% approximately. 
Therefore, by combining the present lower bounds and upper bounds provided by Soubra 
(2000) one can bracket the true collapse load within 18%. 
 
Figure 5. 25. The effect of wall roughness δ on the passive earth pressure, where θ=90°, β=0°, and kh=0. 
Design table 
The lower bound solutions of seismic earth pressure coefficients Kpγ obtained from the finite 
element lower bound limit analysis based on SOCP are presented in a tabulated form (Tables 
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5.2-5.5) for different values of parameters λ, β, kh, and ϕ for practical use in geotechnical 
engineering, where  . 
Table 5. 5. Seismic passive earth pressure coefficient Kpγ (β≠0, λ≠0) for δ=ϕ 
λ (°) β (°) kh 
ϕ (°) 
20 25 30 35 40 45 
5 
5 
0 3.24 4.59 6.77 10.61 17.98 33.45 
0.1 3.02 4.31 6.41 10.11 17.18 32.17 
0.2 2.77 3.99 6.01 9.5 16.39 30.87 
0.3 2.47 3.65 5.56 8.94 15.49 29.49 
10 
0 3.64 5.25 7.93 12.69 22.06 42.19 
0.1 3.46 5.02 7.59 12.29 21.36 41.1 
0.2 3.25 4.74 7.23 11.7 20.56 39.81 
0.3 3 4.43 6.81 11.21 19.76 38.42 
10 
5 
0 3.04 4.21 6.08 9.28 15.22 27.28 
0.1 2.85 3.96 5.75 8.82 14.54 26.2 
0.2 2.61 3.68 5.39 8.33 13.85 25.12 
0.3 2.32 3.36 4.99 7.81 13.06 24.05 
10 
0 3.43 4.84 7.09 11.08 18.66 34.35 
0.1 3.26 4.61 6.8 10.68 18.07 33.46 
0.2 3.06 4.36 6.48 10.19 17.38 32.39 
0.3 2.82 4.09 6.13 9.742 16.69 31.4 
20 
5 
0 2.75 3.66 5.03 7.27 11.15 18.64 
0.1 2.58 3.46 4.76 6.91 10.68 17.89 
0.2 2.39 3.21 4.46 6.53 10.21 17.23 
0.3 2.11 2.92 4.13 6.09 9.651 16.29 
10 
0 3.11 4.19 5.85 8.61 13.49 23.13 
0.1 2.97 4 5.62 8.29 13.12 22.47 
0.2 2.79 3.8 5.35 7.96 12.65 21.81 
0.3 2.57 3.54 5.04 7.56 12.08 21.07 
-5 
5 
0 3.77 5.6 8.7 14.47 26.12 52.12 
0.1 3.52 5.25 8.22 13.68 24.93 50.23 
0.2 3.22 4.85 7.68 12.99 23.74 48.15 
0.3 2.85 4.41 7.09 12.09 22.44 45.96 
10 
0 4.23 6.44 10.3 17.45 32.58 67.6 
0.1 4.02 6.13 9.78 16.76 31.49 65.72 
0.2 3.77 5.78 9.3 16.06 30.39 63.84 
0.3 3.47 5.4 8.77 15.27 29.1 61.74 
-10 
5 
0 4.14 6.32 10.1 17.45 32.69 68.2 
0.1 3.85 5.92 9.54 16.46 31.23 65.65 
0.2 3.52 5.47 8.91 15.58 29.65 62.91 
0.3 3.11 4.95 8.21 14.51 27.99 60.06 
10 
0 4.64 7.22 11.8 20.68 39.86 85.48 
0.1 4.39 6.86 11.3 19.89 38.49 83.22 
0.2 4.11 6.47 10.7 19.02 37.12 80.57 
0.3 3.77 6.02 10.1 18.13 35.65 78.12 
-20 
5 
0 5.15 8.26 13.9 25.53 51.35 116.1 
0.1 4.76 7.71 13.1 24.22 49.01 111.4 
0.2 4.33 7.09 12.3 22.72 46.47 106.7 
0.3 3.81 6.4 11.3 21.23 43.94 102 
10 
0 5.76 9.49 16.3 30.77 63.62 148 
0.1 5.43 8.95 15.6 29.46 61.46 144.2 
0.2 5.06 8.41 14.7 28.14 59.22 139.5 




Table 5. 4. (Continued) 
λ (°) β (°) kh 
ϕ (°) 
20 25 30 35 40 45 
-30 
5 
0 6.77 11.5 20.6 40.08 86.35 210.6 
0.1 6.24 10.7 19.3 37.93 82.81 203.7 
0.2 5.62 9.79 17.9 35.6 78.41 193.3 
0.3 4.9 8.75 16.4 33.18 73.91 184.7 
10 
0 7.55 13.1 24.1 48.43 108.8 274.4 
0.1 7.08 12.4 23 46.45 104.5 265.8 
0.2 6.56 11.6 21.7 44.29 101 254.6 
0.3 5.96 10.7 20.3 41.98 96.71 251.1 
5.3.4 Summary 
The present method gives rigorous LB solutions for the passive earth pressures in the 
framework of the statical approach of limit analysis. The resulting SOCP optimization 
problem can be solved by using the Matlab toolbox MOSEK (2013). The advantage of this 
method is its computational efficiency. 
Comparisons with the currently used solutions of Caquot and Kérisel and the existing 
best UB solutions lead to the following conclusions: 
(1) The present solutions for Kpγ are smaller than those of Caquot and Kérisel based on 
the method of stress characteristics and the existing upper bound solutions. For the 
static (non-seismic) case, the maximum difference exists at ϕ=45°, δ=ϕ, β=ϕ, and
o
15   . Therefore, for great values of ϕ, δ, β, and for negative values of , the 
design table provided by Caquot and Kérisel (1948) should be used with caution. 
(2) In the presence of soil inertia, the present solutions are always smaller than those of 
Soubra (2000) which are based on the upper bound limit analysis using a 
translational multi-block failure mechanism. The maximum difference does not 
exceed 18%, when δ=ϕ, λ=0° and β=0°. Consequently, by using the present LB 
solutions and the UB solutions of Soubra (2000) one can bracket the true collapse 
load within 18%. 
In summary, using the present method can provide a safe estimate of the passive earth 
pressure. Extensive numerical results of the passive earth pressure coefficients are given in a 
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tabular form (Tables 5.2-5.5), which allows a practical engineer to easily use the present 
results. 
5.4 Conclusions 
This chapter presented extensive investigations about the effect of soil inertia on the ultimate 
uplift capacity of inclined anchors and passive earth pressures of rigid walls by using the 
method illustrated in Chapter 2. It shows that this method can deal with stability analysis of 
geostructures in the presence of soil inertia easily and accurately. In addition, some design 




Chapter 6 Bearing capacity of strip footings on slope under 
undrained combined loading 
6.1 Introduction 
Bearing capacity of shallow foundations have been extensively studied in the past several 
decades. In practice, the effects of load inclination α and eccentricity e on the bearing capacity 
of shallow foundations were usually accounted for using inclination factors (Hansen 1970; 
Vesić 1975) and effective width (Meyerhof 1953) in the classical bearing capacity equation. 
Recently, this approach of correcting the classical equation for combined loading modes is 
being replaced by the use of failure envelopes in load space (Gourvenec and Randolph 2003). 
This approach involves transforming the force Q applied at an eccentricity e from the center 
of the footing and at an angle α to the vertical (Figure 6.1a) into 3 statically equivalent 
components: vertical (V), horizontal (H), and moment load (M) (Figure 6.1b), which are taken 
to act at the center and base of the footing. All possible combinations of V, H, and M which 
causes a footing to fail delineate the failure envelope. The ultimate load Qu is the sum effect 
of these critical V, H, and M components. Based on analytical and numerical studies of the 
problem of combined loading (e.g. Bransby and Randolph 1998; Ukritchon et al. 1998; 
Houlsby and Puzrin 1999; Taiebat and Carter 2002; Gourvenec and Randolph 2003; 
Gourvenec 2007, 2008; Mana et al. 2012), expressions have been proposed for the failure 
envelopes for shallow foundations. Note that these work mentioned above considers the case 
of foundations resting on horizontal ground surface only. 
 
Figure 6. 1. General loading conditions for a surface foundation 
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In practice, it is not uncommon to encounter structures built on or near a slope. Such 
structures include bridge abutments that support river valley crossings, transmission towers, 
and an excavation for the basement construction of high-rise buildings in urban areas. When a 
foundation is situated on a slope, the ultimate capacity of the foundation may be governed by 
either the failure of the foundation or the overall stability of the slope. The combination of 
these two factors makes the problem complex. This problem has been solved by using slip-
line methods (Sokolovski 1960), limit equilibrium techniques (Meyerhof 1957), and 
analytical upper and lower bound limit analysis (Davis & Booker 1973). However, research 
on the stability shallow foundations subjected to combined loads and located on a slope 
remains limited. Recently, Georgiadis (2008, 2010b) used finite element analysis and 
analytical upper bound limit analysis to investigate the influence of inclined or eccentric 
loading on the undrained bearing capacity of a strip footing on a slope. Unfortunately, the 
discussion is only for the uniform clay and the combined effect of load inclination and 
eccentricity is not considered.  
In this chapter, the bearing capacity of strip footings on uniform and non-uniform 
undrained slope subjected to the combined effect of load inclination and eccentricity will be 
investigated. It has been known that the footing base may break contact with the soil mass 
beneath due to the presence of load eccentricity and so the footing-soil contact area will 
reduce. Houlsby & Puzrin (1999) has recognized that solutions for the contact area can be 
scaled to produce the full yield envelope for the entire footing. On this basis, the finite 
element lower-bound limit analysis based on SOCP is implemented to calculate appropriate 
scaling points. These scaling points are then used to deduce the full envelopes, which are 
calibrated by applying the finite element lower-bound limit analysis to the fully attached 
footing with reduced size. The effects of geometrical and material properties on the failure 
envelopes are investigated subsequently. Based on the extensive numerical studies, a set of 
Green-type solutions have been proposed. These solutions extend the Green solution, which is 
exact for strip footings on horizontal ground surface under inclined loading only, to account 
for the effect of slope inclination. 
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6.2 Problem definition 
The problem of interest in this chapter is the stability of a strip footing of width B resting on a 
slope as shown in Figure 6.2. The soil is modeled as a rigid-plastic, purely cohesive material 
(i.e. friction angle φ=0). Hence, its behavior is governed by the undrained shear strength su 
and the Tresca yield criterion is appropriate. In this study, the undrained shear strength profile 
su(z) is assumed to increase linearly with depth as shown in Figure 6.2 
  0u us z s z                                                 (6.2.1) 
where su0 is the undrained shear strength at the top of the slope, ρ is the rate of undrained 
shear strength increase with depth, and z is the depth as measured from the top of the slope. 
The normalized rate of shear strength increase with depth relevant to a given footing width is 
denoted by the dimensionless ratio κ=ρB/su0. This study covers a range of κ from 0 (uniform 
soil) to 10. Note that this study only focuses on “non-uniformity” soil where the shear 
strength increases with depth, i.e. positive values of κ only. 
 
Figure 6. 2. General layout of the problem 
The parameters governing this problem are the: (1) slope inclination β, (2) normalized 
footing distance from the crest of the slope (λ=L/B, L is the distance of the footing from the 
crest and B is the footing width), (3) strength ratio su0/γB (γ is the total unit weight of the clay), 
and (4) the normalized rate of shear strength increase with depth, κ=ρB/su0. The parameters 
are defined in Figure 6.2. The influence of these parameters on the failure envelope will be 




Figure 6. 3. (a) “Negative” loading combination; (b) “positive” loading combination 
Figure 6.3 summarizes the sign conventions for loads as suggested by Georgiadis 
(2010b). As shown by Figure 6.3a, a “negative” load combination means that the load 
directed away from the slope; otherwise, it indicates a “positive” load combination (cf. Figure 
6.3b). 
After obtaining the limit vertical load V, the horizontal force H, and the moment M can 
be determined based on force and moment equilibrium. Here, the solutions will be expressed 
in terms of the following dimensionless loads 
2
0 0 0           u u uv V Bs h H Bs m M B s                                   (6.2.2a) 
or in terms of the following normalized loads 
ult ult ult           v V V h H H m M M                                      (6.2.2b) 
where Hult, Vult, and Mult are the ultimate lateral capacity, vertical bearing capacity, and 
moment capacity, respectively. 
6.3 Results for horizontal ground surface 
6.3.1 Ultimate uniaxial loads 
6.3.1.1 Lateral load capacity 
For a surface foundation, the ultimate horizontal load corresponding to sliding failure is 
Hult=Bsu0 irrespective of the degree of soil strength non-uniformity. The numerical lower 
bound limit analysis gives almost the same prediction for the lateral load capacity. 
6.3.1.2 Vertical bearing capacity 
For uniform soil profiles (i.e. ρ=0 in Eq. (6.2.1) and su(z)=su), the exact solution of the 
ultimate vertical capacity is Vult=(2+π)Bsu, while the present lower bound solution is 
Vult=5.12Bsu. It shows good agreement with the theoretical solution for the uniaxial vertical 
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bearing capacity. This can also be confirmed by the failure mechanism obtained from the 
lower bound limit analysis as shown in Figure 6.4, which is very close to the Prandtl 
mechanism. 
 
Figure 6. 4. Failure mechanism for a strip footing under vertical loading 
 
Figure 6. 5. Comparison of the ultimate (a) vertical bearing capacity and (b) moment capacity for 
linearly increasing soil strength 
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For linearly increasing strength, the lower bound solutions for the dimensionless 
capacity factor defined as Vult/Bsu0 agree well with the solutions of Martin (2005) based on the 
method of stress characteristics, which is usually viewed as the exact solution. This is 
illustrated in Figure 6.5a. As expected, a linearly increasing shear strength profile results in a 
greater vertical bearing capacity. The present lower bound solution incorporating the effect of 
κ can be fitted to the following equation using the Matlab function ‘lsqcurvefit’  
  0.71ult 02 1.47 uV Bs                                                   (6.3.1a) 
Remarkably good agreement is obtained between the prediction of Eq. (6.3.1a) and the 
lower-bound solution, as seen in Figure 6.5a. Note that Eq. (6.3.1a) should not be used for 
extrapolation beyond 0<κ<10.  This caveat applies to all equations presented in this study and 
would not be repeated henceforth. 
6.3.1.3 Moment capacity 
The moment capacity shown in Figure 6.5b can be expressed a function of κ as follows: 
0.75 2
ult 00.67 0.11 uM B s                                                 (6.3.1b) 
As expected, a linearly increasing shear strength profile also results in a greater moment 
capacity. Figure 6.5b shows that Eq. (6.3.1b) provides a close fit to the present lower bound 
solution. However, finite element analyses and the upper-bound solutions using the scoop 
mechanisms (Gourvenec & Randolph 2003) give rise to much higher predictions of the 
moment capacity for κ≥3. This is because that the foundation is assumed to be fully bonded to 
the soil in finite element and upper-bound analyses, contact being maintained by suction, 
while no under-base suction is used here. In the present analysis, separation at the footing-soil 
interface will occur under moment loading, which results in a reduced contact area and a 
reduction in moment capacity of the foundation. 
6.3.2 The scaling concept 
For the case of combined loading, since the tension load cannot be sustained along the 
footing-soil interface, the footing will detach from the soil beneath, and the footing-soil 
contact area is reduced. Such contact problems are amongst the most complex of boundary-
90 
 
value problems, because the contact area needs to be found as a part of the solution (Houlsby 
& Puzrin 1999). In practice, the concept of effective width proposed by Meyerhof (1954) is 
usually used to account for the reduction in bearing capacity, which scales the vertical bearing 
capacity by an amount (1-2e). This section presents a brief introduction of the scaling concept 
proposed by Houlsby & Puzrin (1999). Bransby (2001) applied this concept to determine the 
failure envelopes of eccentrically loaded strip footings on undrained clay. 
As suggested by Bransby (2001), the loads (Vʹ, Hʹ, Mʹ) (considered as a scaling point) 
about the point Oʹ in Figure 6.6 imposed on a fully attached footing with width Bʹ can be 
scaled to calculate the loads (V, H, M) on the global footing with width B, once the contact 
area Bʹ is known. In this case, the two load combinations (Vʹ, Hʹ, Mʹ) and (V, H, M) are 
statically equivalent, namely 
        0.5V V H H M M xBV                                         (6.3.2a, b, c) 
where xB=B-Bʹ. Normalization of the loads by the contact width Bʹ with the undrained shear 
strength su0 allows Eqs. (6.3.2a)-(6.3.2c) to be re-written in terms of dimensionless loads as 
       
2
1     1     1 0.5 1v x v h h x m x m x x v                          (6.3.3a, b, c) 
 
Figure 6. 6. The scaling concept: (a) fully detached footing; (b) footing with detachment 
where the dimensionless load combinations (v, h, m) and (vʹ, hʹ, mʹ) are defined in Eq. (6.2.2a) 
by using the  load combinations (V, H, M) and (Vʹ, Hʹ, Mʹ). Once the gap size xB is known, the 
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overall footing load (V, H, M) or (v, h, m) can be determined from the scaling point (Vʹ, Hʹ, Mʹ) 
or (vʹ, hʹ, mʹ). In this section, the finite element lower bound limit analysis will be used to 
calculate appropriate scaling points, and then are scaled to produce the full envelope 
according to Eqs. (6.3.3a)-(6.3.3c). 
6.3.3 Soil with linearly increasing shear strength 
6.3.3.1 Vertical and eccentric loading 
For the case of eccentric loading, the pure vertical bearing capacity Vʹ/Bʹsu0 given by Eq. 
(6.3.1a) together with Mʹ=0 and Hʹ=0 can be considered as a scaling point. From Eq. (6.3.1a) 
and (6.3.3a), we have 
       0.711 2 1.47 1v x x                                            (6.3.4a) 
and from Eq. (6.3.1a) and (6.3.3c), where mʹ=0 
       0.710.5 1 2 1.47 1m x x x                                       (6.3.4b) 
The failure envelopes in the v versus m plane obtained from Eqs. (6.3.4a) and (6.3.4b) 
together with the lower bound solutions are plotted in Figure 6.7a for the cases with κ=0, 1, 2, 
3, 6, and 10. It clearly demonstrates that these failure envelopes are in the same general form 
and the ultimate bearing capacity increases with the normalized rate of shear strength increase 
with depth, κ. As can be seen in Figure 6.7a, the scaling concept gives a slightly conservative 





Figure 6. 7. Comparison of failure envelopes for VM load combination in terms of (a) dimensionless 
loads; (b) normalized loads 
 
Figure 6. 8. Velocity fields for a strip footing under eccentric loading 
In order to investigate the variation in shape of failure envelopes as a function of κ, the 
ultimate limit states of a strip footing under combined vertical and moment loading are also 
represented in terms of normalized loads (i.e. v  versus m ) as illustrated in Figure 6.7b. The 
results show that M=Mult occurs at V=0.5Vult approximately for all cases modeled, while 
Gourvenec & Randolph (2003) suggested maximum moment capacity occurs at zero vertical 
load. This is because that the footing is assumed to be fully attached to the soil allowing no 
soil-footing detachment in Gourvenec & Randolph (2003), while in the present analysis 
tension loading cannot be sustained along the interface. In addition, κ has a minor effect on 
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the shape and size of the failure envelope in the v versus m plane. Figure 6.8 shows the failure 
mechanism under combined vertical and moment loading. The mechanism looks more like 
the ‘scoop-wedge’ mechanism as suggested by Bransby & Randolph (1999) by using finite 
element analyses. 
6.3.3.2 Vertical and horizontal loading 
Figure 6.9a shows the ultimate limit states in terms of normalized loads (i.e. h versus v ) 
under combined vertical and horizontal load for κ=0 (uniform soil), 1, 2, 3, 6, and 10.  The 
results show that all the failure envelopes fall in a tight band with the average shape following 
the Green’s solution in terms of normalized loads. This has been observed by Gourvenec & 
Randolph (2003) based on two-dimensional finite element analyses. Consequently, the failure 
envelopes in the h versus v plane for both uniform and linearly increasing shear strength 
profiles can still be expressed as (Green 1954) 
   1 20.5 cos 1 2v h h                                             (6.3.5a) 
for general shear failure and 
0 0.5,   1v h                                                        (6.3.5b) 





Figure 6. 9. Comparison of failure envelopes for HV load combination in terms of (a) normalized loads; 
(b) dimensionless loads 
Figure 6.9b presents the ultimate limit states in terms of dimensionless loads (i.e. h 
versus v). The expansion of failure envelopes indicates that the load-carrying capacity 
increases with the normalized rate of shear strength increase with depth κ, while h=1 for 
sliding failure occurs at V≤0.5Vult approximately irrespective of the value of κ. The failure 
envelopes are similar over the range of κ studied.  Hence, the failure envelope for both 
uniform and linearly increasing shear strength profiles can be expressed as the Green-type 
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 
                          (6.3.6a) 
from Eq. (6.3.5a) and 
  0.710 0.5 2 1.47 ,   1v h                                           (6.3.6b) 
from Eq. (6.3.5b). 
The curves derived from Eqs. (6.3.6a) and (6.3.6b) together with the lower bound 
solutions are plotted in Figure 6.9b. For a smaller value of κ, say κ≤3, excellent agreement is 
obtained, while for κ>3 Eqs. (6.3.6a) and (6.3.6b) result in a conservative prediction of the 
failure loads. The failure mechanism for a strip footing on uniform soil under load inclination 
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α=10° is illustrated in Figure 6.10, which resembles the Green’s mechanism with rotation. It 
indicates that the present lower bound limit analysis can accurately model the failure mode of 
an obliquely loaded footing. 
 
Figure 6. 10. Failure mechanism for a strip footing under inclined loading 
6.3.3.3 Vertical, horizontal and moment loading 
Since the obliquely loaded strip footing is still fully attached with the soil, the solution given 
by Eqs. (6.3.6a) and (6.3.6b) can be considered as a scaling point to determine the failure 
envelopes of obliquely and eccentrically loaded strip footings. According to Eqs. (6.3.3a)-
(6.3.3b), we have 
   1 1,v v x h h x                                                (6.3.7a, b) 
From Eq. (6.3.3c) with mʹ=0, we obtain 
2x m v                                                          (6.3.7c) 
Inserting Eq. (6.3.7c) into Eqs. (6.3.7a) and (6.3.7b) to eliminate x in the following equation, 
we have 
2
2 2,v v v m h vh v m                                            (6.3.7d, e) 
where vʹ an hʹ satisfy Eqs. (6.3.6a) and (6.3.6b). 
Substituting the expression (6.3.7d) and (6.3.7e) for vʹ and hʹ into Eqs. (6.3.6a) and 




Figure 6. 11. Comparison of failure envelopes in the h versus v plane at constant value of x (detachment 
size of footing with the soil) from LB analysis (solid line) and approximating expressions (broken line) 
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        (6.3.8a) 
from Eq. (6.3.6a) and 
 2 1vh v m                                                      (6.3.8b) 
from Eq. (6.3.6b).  
For the case of uniform clay (i.e. κ=0), Eq. (6.3.8a) reduces to the solution presented by 
Houlsby & Puzrin (1999). Figures 6.11a through 12d show the failure envelopes in the v 
versus h plane for a set values of x and for κ=0, 2, 3, and 6. Due to the inclusion of the scaling 
concept, the present analysis results in a better solution than that of Ukritchon et al. (1999) for 
uniform clay by applying finite element lower and upper bound limit analysis to the entire 
footing of width B directly. As discussed by Houlsby & Puzrin (1999), this is because a 
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convexity argument is still used by Ukritchon et al. (1999), which is not valid in the contact-
breaking case. In fact, when separation occurs at the footing-soil interface and the contact area 
of the footing to the soil is (1-x)B, the maximum horizontal load should be (1-x)Bsu0 rather 
than Bsu0 as illustrated in Figures 6.11a to 11d. In addition, these figures show Eqs. (6.3.8a) 
and (6.3.8b) is sufficiently accurate for predicting VHM failure envelopes (in terms of 
dimensionless loads) of footings on uniform soils or soils with linearly increasing undrained 
shear strength. 
6.4 Results for sloping surface 
6.4.1 Slope and foundation failure 
Because of the existence of a slope, two distinct failure modes were observed in Figure 6.12 
for uniform clays. The mode 1 is referred to as “foundation failure” (Figure 6.12a), which is 
restricted by the slope height and is similar to Prandtl failure mechanism for the case of 
horizontal ground surface. The mode 2 will be referred to as “overall slope failure” as 
presented in Figure 6.12b. In the undrained case, as discussed by Georgiadis (2010a) and 
Shiau et al. (2011), there exists a critical value of strength ratio (γB/su0)crit that distinguishes 
between these two failure mechanisms, namely, foundation failure γB/su0<(γB/su0)crit and slope 
failure γB/su0>(γB/su0)crit. To determine this value, it is necessary to discuss the stability of 
slopes in general, without a footing resting on the crest. By using finite element limit analysis, 
the critical overburden factor (γH/su0)crit was obtained for different slope inclinations in studies 
such as Yu et al. (1998) and Li et al. (2010). This critical value (γH/su0)crit corresponds to a 
stability number NF=(γHFs/su0)crit for given value Fs. As a result, the stability number NF can 
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For β=30° and 60° with uniform soil profiles, (γB/su0)crit  is 1.8457 and 1.7182, which are 
close the solution given by Shiau et al. (2011) is 1.8692 and 1.7007 computed as the average 





Figure 6. 12. Failure mechanisms: (a) mode 1; (b) mode 2 
6.4.2 Vertical bearing capacity 
6.4.2.1 Comparison with the existing solution 
For the case of uniform clay, Figure 6.13 compares the present solutions with those of Shiau 
et al. (2011) obtained from the finite element upper bound limit analysis based on nonlinear 
programming (Lyamin & Sloan 2002a, b), where β=30°, 60°, and 90°. The ultimate bearing 
capacity is stated as p/γB, where p is the average limit pressure acting on the footing. It shows 
that the true collapse load can be bracketed within 3% by combining the present lower bound 
solutions and the upper bound solutions of Shiau et al. (2011). In this case, the effect of slope 
angles on the vertical bearing capacity can be considered according to 
 ult 2 2 uV Bs                                                     (6.4.2) 
The accuracy of Eq. (6.4.2) has been validated in Georgiadis (2010b) by using the finite 
element, upper bound plasticity, and stress field methods. 
6.4.2.2 Soil with linearly increasing shear strength 
For soil with linearly increasing shear strength, according to Eqs. (6.3.1a) and (6.4.2), the 
vertical ultimate capacity can be approximated as 
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  0.71ult 02 1.47 2 uV Bs                                            (6.4.3) 
 
Figure 6. 13. Comparison of vertical bearing capacity of strip footings on slope with uniform soil 
profile 
 
Figure 6. 14. Comparison of vertical bearing capacity of strip footings on slope with linearly increase 
soil strength with depth 
Figure 6.14 shows the calculated values of the vertical bearing capacity from the finite 
element lower bound limit analyses presented in this study along with the prediction from Eq. 
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(6.4.3), for β=10°, 30°, and 45°. The results suggest Eq. (6.4.3) is a slightly conservative fit to 
the lower bound solution. 
6.4.3 Vertical and horizontal loading 
6.4.3.1 Effect of the ratio su0/γB 
For λ=0 (here λ=L/B, L is the distance of the footing from the crest and B is the footing width) 
and β=45°, the effect of su0/γB on the failure envelope in the H versus V plane is illustrated in 
Figure 6.15 for su0/γB=4, 3, and 2. It can be seen that the failure envelopes are similar for all 
values of su0/γB considered here. This is because slope stability is mainly governed by soil 
unit weight; while ultimate bearing capacity is independent of the soil unit weight if the slope 
is stable (i.e. γB/su0 is less than a critical value). The treatment of slope stability has been 
discussed before, which can be found in Yu et al. (1998) and Li et al. (2010). Therefore, we 
mainly focus on the bearing capacity of strip footings in this section. 
 
Figure 6. 15. Effect of su0/γB on the failure envelope for HV load combination, where β=15º and L/B=0 
6.4.3.2 Influence of normalized footing distance λ 
Figure 6.16a shows the effect of normalized footing distance L/B on the failure envelope in 
terms of dimensionless loads. It is clear that the effect of the slope inclination on the failure 
envelope becomes less significant with the increase of the normalized footing distance λ. For 
example, when λ≥2, the failure envelope for λ=2 is almost equal to the Green’s solution given 
by Eqs. (6.3.5a) and (6.3.5b), as shown in Figure 6.16a. A similar trend for the failure 
envelope in terms of normalized loads can also be found in Figure 6.16b. Therefore, the most 
critical case is λ=0. We consider this case only herein. In addition, more detailed discussion 
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about the effect of γB/su0 and normalized footing distance on the failure envelope can be 
found in Georgiadis (2010b). 
 
 
Figure 6. 16. Effect of normalized footing distance L/B on the HV failure envelope in terms of (a) 
dimensionless loads; (b) normalized loads, where β=30º 
6.4.3.3 Effect of slope inclination β 
For su0/γB=4 (foundation failure) and λ=0, the failure envelopes for different slope angles β 
are plotted in Figure 6.17, where β=0°, 10°, 20°, 30° and 40°. The failure envelopes in terms 
of dimensionless loads h and v are illustrated graphically in Figure 6.17a. For positive load 
inclination (see Figure 6.3b), which indicates H≥0, the vertical load capacity decreases and 
the horizontal load increases with the load inclination α until the ultimate horizontal capacity 
H=Bsu is reached indicating sliding failure of the footing. However, for negative load 
inclination (see Figure 6.3a), which means H≤0, there is a critical value h* (in general h*≤0) 
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corresponding to the different variation of the vertical load. If h>h
*
, the vertical load increases 
with h approaching to h
*
. In contrast, the failure envelope for h<h
*
 still follows the Green’s 
solution in terms of dimensionless loads. In this case, the presence of the slope has no effect 
on the bearing capacity as can be seen in Figure 6.17a. Figure 6.17b shows the failure 
envelope in terms of the normalized loads h and v . It can be clearly observed that the slope 




Figure 6. 17. Effect of slope angle β on (a) failure envelopes in the h versus v plane from LB analysis 
(solid line) and approximating expressions (broken line); (b) failure envelopes in the h versus v plane 
from LB analysis (solid line) and approximating expressions (broken line) where su0/γB=5 and L/B=0 
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For convenience, we try to fit the present lower bound solutions for the failure envelope 
in the h versus v plane by using the Green-type solution. Consequently, we have 
1 2
1 2 2 cos 1 ,    1
0 1 0.5 2        1
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The critical value h
*
 can be solved by equating v from Eq. (6.4.3a) to the one from Eq. 
(6.4.3b) and then we obtain 
 cos 0.5h                                                      (6.4.3c) 
The failure envelopes for β=10°, 20°, 30° and 40° from Eqs. (6.4.3a-c) are also plotted in 
Figure 6.17a. It shows Eqs. (6.4.3a-c) provide a slightly unconservative fit to the data. 
However, the maximum difference does not exceed 5%. Therefore, Eqs. (6.4.3a-c) can give a 
reliable prediction of the failure envelope of the footing-on-slope system under inclined 
loading. According to Eq. (6.4.2) and Eqs. (6.4.3a-c), the failure envelopes in terms of 
normalized loads h and v can be easily obtained and the results are plotted in Figure 6.17b. 
The close fit of the Green-type solution indicates that reconstruction of a failure envelope will 
incur a very small error. 
6.4.3.4 Influence of normalized rate of shear strength increase with depth, κ=ρB/su0 
The results presented above are limited to the case of uniform clay. The case involving 
linearly increasing strength as show in Eq. (6.2.1) will be considered in this section. Figures 
6.18a-d show the ultimate limit states of strip footings on this non-uniform slope in terms of 
dimensionless loads h and v, where β=10°, 20°, 30°, and 45° respectively. The results show 
that load-carrying capacity increases with κ as expected. Similar to the uniform soil case, 
there is a critical value h
*
 corresponding to different variation of vertical and horizontal loads. 
This critical value is associated with the sudden change in the curvature of the plots shown in 
Figures 6.18a-d, which can also be clearly observed in Figures 6.19a-d. However, this critical 
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value becomes insignificant with the increase of κ. It can be seen that the effect of soil non-
uniformity on the normalized failure envelopes also becomes smaller with the increase of κ. 
For example, when β=45°, failure envelopes for κ≥4 are almost same, as illustrated in Figure 
6.19d. These results are approximated as the following Green-type solution 
 
Figure 6. 18. Failure envelopes in the h versus v plane from LB analysis (solid line) and approximating 
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Based on the lower bound results, the coefficients ai and bi can be obtained by using the 
Matlab function ‘lsqcurvefit’, and the critical value h

can also be determined by equating the 
value of Eq. (6.4.4a) and Eq. (6.4.4b). The resulting nonlinear equation can be solved by 
using the Matlab function ‘fzero’. The results are summarized in Table 6.1. The predictions 
from Eqs. (6.4.4a) and (6.4.4b) and the LB solutions are presented in Figure 6.20 for the case 





Figure 6. 19. HV failure envelopes in normalized load space 
 
Figure 6. 20. Comparison of failure envelopes between the approximating equation (broken line) and 
the LB solution (solid line) 
6.4.4 Combined loading 
6.4.4.1 Uniform soil 
Following the scaling concept as used in the case of horizontal ground surface (i.e. β=0°), Eqs. 
(6.4.3a)-(6.4.3b) can be used to deduce the failure envelope for combined horizontal, vertical 
and moment loading as follows 
   2
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     (6.4.5a) 
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Table 6. 1. Coefficients and critical value h
*
 for failure envelopes of combined vertical and horizontal 
loads 




2 3.17 1.26 2.07 3.53 1.18 2.07 -0.1 
4 4.16 1.29 2.6 4.43 0.89 3 -0.02 
6 5.03 1.41 2.87 5.31 1.15 3.05 -0.01 
8 5.61 1.02 4 5.9 0.92 3.93 -0.02 
20 
2 2.71 1.47 1.96 3.53 0.97 2.25 -0.13 
4 3.72 1.27 2.78 4.43 1.07 2.67 -0.12 
6 4.4 0.98 3.8 5.16 0.67 3.66 -0.08 
8 5.42 1.38 3.39 5.75 0.43 4.56 -0.01 
30 
2 2.46 1.61 1.58 3.55 0.81 2.32 -0.23 
4 3.47 1.62 2.2 4.44 0.94 2.67 -0.14 
6 4.3 1.32 3.08 5.1 0.62 3.64 -0.13 
8 5.02 1.27 3.61 5.87 0.43 4.19 -0.06 
45 
2 1.94 1.76 1.25 3.52 0.32 2.72 -0.33 
4 2.91 1.68 2.02 4.38 0.7 2.74 -0.26 
6 3.82 1.74 2.37 5.01 0.28 3.83 -0.17 
8 4.64 1.66 2.79 5.63 0.44 4.11 -0.17 
and 
   2
2
21
2 1 2 cos 2 1 2 ,       1 2
0 2 1 0.5                2 1
v v m vh v m vh v m vh v m h




            
      
    (6.4.5b) 
from Eq. (6.4.3b), where h
*
 is also defined in Eq. (6.4.3c). 
 
Figure 6. 21. Contours of failure envelopes in the h versus v plane for uniform soil profile from LB 
analysis (solid line) and approximating expressions (broken line) 
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It clearly shows that for β=0° Eqs. (6.4.5a) and (6.4.5b) become the Green solution as 
shown in Eqs. (6.3.8a) and (6.3.8b) for uniform clay (i.e. κ=0). The results obtained from Eqs. 
(6.4.5a) and (6.4.5b) for some values of x (i.e. the detachment size of the footing under the 
moment loading) and slope angles together with the lower bound solutions are illustrated in 
Figure 6.21. Remarkably good agreement is observed, which indicates that Eqs. (6.4.5a) and 
(6.4.5b) is sufficiently accurate for calculating VHM failure envelopes of strip footings on 
uniform and undrained slope. 
6.4.4.2 Soil with linearly increasing shear strength 
The failure envelopes for the combined horizontal, vertical and moment loads can be 
expressed as follows: 
   22 10 1 2
0
2 cos 2 1 2 ,    2 1
0                                                                                         2 1
v v m a a vh v m a vh v m h vh v m
v a vh v m
 
         
   
        (6.4.6a) 
and 
   22 10 1 2
0
2 cos 2 1 2 ,   1 2
0                                                                                           2 1
v v m b b vh v m b vh v m vh v m h
v b vh v m
 
           
    
       (6.4.6b) 
 
Figure 6. 22. Contours of failure envelopes in the h versus v plane for linearly increasing undrained 
shear strength from LB analysis (solid line) and approximating expressions (broken line) 
108 
 
The coefficients ai and bi are also obtained from curve fitting and the values of h
*
 are 
determined by equating the value of Eq. (6.4.6a) and that of Eq. (6.4.6b). The results are 
summarized in Table 6.2. 
The failure envelopes from Eq. (6.4.6a-b) and those obtained from the lower bound limit 
analysis in conjunction with the scaling concept are plotted in Figure 6.22. It suggests Eq. 
(6.4.6a) and (6.4.6b) can predict the failure envelope of strip footings on slope under 
combined loading accurately. In fact, the previous results as given by Eqs. (6.3.8a-b and 
6.4.5a-b) can be viewed as special cases of Eqs. (6.4.6a-b), which therefore provide a general 
form of the failure envelope of a strip footing under combined loading to account for the 
effect of slope inclination and the soil strength non-uniformity. 
Table 6. 2. Coefficients and critical value h
*
 for failure envelopes of combined vertical and horizontal 
loads 





0.2 2.23 1.6 1.45 3.29 0.48 2.66 -0.19 
0.4 2.08 1.55 1.25 3.11 0.71 2.23 -0.17 
0.6 1.89 1.45 1.06 2.9 0.56 2.2 -0.13 
4 
0.2 3.02 1.54 2.17 4 0.48 3.16 -0.11 
0.4 2.69 1.76 1.54 3.72 0.51 2.8 -0.08 
0.6 2.26 1.68 1.34 3.23 0.36 2.91 -0.08 
8 
0.2 4.42 1.28 3.26 5.14 0.42 4.12 -0.1 
0.4 3.71 1.41 2.82 4.62 0.61 3.44 -0.08 
0.6 2.94 1.5 2.33 3.88 0.19 3.69 -0.05 
45 
2 
0.2 1.75 1.65 1.21 3.3 0.05 2.96 -0.31 
0.4 1.54 1.58 1.12 3.1 -0.4 3.38 -0.24 
0.6 1.35 1.44 1.05 2.89 -0.5 3.34 -0.19 
4 
0.2 2.5 1.77 1.73 4.02 0.41 2.93 -0.2 
0.4 2.11 1.71 1.53 3.61 -0.1 3.46 -0.18 
0.6 1.73 1.63 1.28 3.18 -0.7 4.05 -0.14 
8 
0.2 3.87 1.59 2.77 4.94 -0.2 4.73 -0.13 
0.4 3.16 1.61 2.46 4.46 -0.3 4.4 -0.11 
0.6 2.47 1.76 1.79 3.84 -0.2 3.98 -0.09 
6.4.5 Suggested design procedure 
When a footing is placed on a slope, the capacity of the footing may be governed by either the 
foundation failure or the overall stability of the slope. Based on the results obtained in this 
study, the following procedure can be used for stability analysis of a footing-slope system 
under undrained combined loading: 

















in which NF=γHFs/su0 can be obtained from the design charts provided by by Yu et al. 
(1998) and Li et al. (2010) with Fs=1 and λcρ; 
3. Compare the value of γB/su0 with (γB/su0)crit 
a. If γB/su0>(γB/su0)crit then overall slope failure has occurred and the charts 
presented by Yu et al. (1998) and Li et al. (2010) can be used for design; 
b. If γB/su0>(γB/su0)crit, it means the slope is stable.  In this case, ultimate 
capacity of the strip foundation under combined loading can be estimated 
according to the failure envelopes presented above. 
6.5 Conclusions 
The failure envelope for undrained combined loading of a strip footing resting near to the 
crest of a slope has been investigated according to the scaling concept in conjunction with the 
finite element lower-bound limit analysis. In this procedure, the finite element lower-bound 
limit analysis is employed to calculate appropriate scaling points, and then the full envelope 
over the entire footing is produced via the scaling concept as shown in Eqs. (6.3.3a)-(6.3.3c). 
Based on the extensive numerical analyses conducted in this chapter, various useful 
approximate expressions have been proposed for predicting the undrained vertical bearing 
capacity (i.e. Eq. (6.4.3)) and moment capacity (i.e. Eq. (6.3.1b)) of strip footings. These 
design equations are valid for non-uniform soil with a normalized rate of shear strength 
increase with depth (κ) between 0 (uniform soil) and 10. For strip footings resting on the crest 
of the slope (i.e. λ=L/B=0), a set of Green-type solutions for the failure envelope of strip 
footings under combined loading are proposed to account for the effect of slope angle β and 





Chapter 7 Effect of footing size on bearing capacity of 
surface footings 
7.1 Introduction 
Chapter 6 presented extensive investigations of bearing capacity of strip footings on slope 
under undrained combined loading. In this Chapter, we will discuss a much more complex 
problem, which is related to the effect of footing width on the bearing capacity factor and 
failure envelopes of strip footings on sand under combined loading. For foundations on sand, 
the results for failure envelopes are very limited, which can be found in Gottardi & Butterfield 
(1993), Butterfield & Gottardi (1994) and Gottardi et al. (1999) based on model tests and 
Loukidis et al. (2008) by using finite element analyses. In this chapter, failure envelopes of 
shallow foundations on sand will be investigated. 
When a footing is placed on granular material, the footing width B has a significant 
effect on the bearing capacity. According to the discussion of DeBeer (1965), this effect may 
due to (i) the variation of friction angle ϕ with stress level; (ii) progressive failure which 
produces the so-called particle size effect. As for footings subjected to central vertical loading, 
the effect of footing width on the bearing capacity has been extensively investigated by model 
tests (Shiraishi 1990; Kusakabe et al. 1991, 1992; Maeda and Miura 1999), the method of 
stress characteristics (Bolton 1989; Ueno et al. 2001; Zhu 2001; Lau and Bolton 2011), finite 
element formulation of lower bound limit analysis (Kumar and Khatri 2008a, b). However, 
there are no extensive investigations on the bearing capacity of a strip footing under combined 
loading, where the effect of footing width is considered. In this case, even experiments are 
still very limited, except the work of Gottardi et al. (1994) by using experiments and the 
kinematic method of limit analysis and Okamura et al. (2002) based on model tests and finite 
element analyses. As pointed out by Gottardi et al. (1994), even if the accurate control of 
parameters and the precise measurement of data allow for a reliable comparison of loading 
test results, the range of footing widths which can be investigated is rather limited. 
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Therefore, there is still of great interest to develop a theoretical model in this chapter to 
fill this gap, which is easier and cheaper to implement than experiments. Because of this point, 
the effect of footing width on the bearing capacity factor Nγ and failure envelopes under 
combined loading will be extensively evaluated in this chapter by using the method described 
in Chapter 2. 
7.2 Previous work 
Based on the experimental observations, De Beer (1965) has clearly shown that the bearing 
capacity factor Nγ decreases continuously with an increase in the footing width. In order to 
incorporate the stress level dependency of soil friction angle ϕ, De Beer (1970) has suggested 
an empirical expression to obtain an equivalent friction angle ϕeq corresponding to the mean 
normal stress σm at failure. The equivalent friction angle ϕeq is then used to obtain Nγ for a 
given footing width by using the existing methods based a constant value of ϕ. Later, 
Shiraishi (1990) found that the magnitude of Nγ decreases in a non-linear fashion with an 
increase in the foundation width based on the available model tests, and an empirical 
expression for computing Nγ was proposed. In addition, with consideration of the scale effect 
and the phenomenon of progressive failure, Perkins and Madson (2000) presented a relative 
density approach for estimating the ultimate bearing capacity of shallow foundations on sand, 
which is similar to that of De Beer (1965). This method requires the soil relative density, unit 
weight, and critical state friction angle ϕcv. Bolton’s (1986) expression was used to obtain the 
peak friction angle ϕpeak for given values of ϕcv and mean normal stress (σm). Given an initial 
value of σm, ϕpeak and the associated ultimate bearing capacity were obtained according to a 
number of iterations. 
By using the method of stress characteristics, Graham and Stuart (1971) and Graham and 
Hovan (1986) have investigated the variation of Nγ with the footing size. The analysis was 
carried out for loose as well as dense sand, and the validation data was taken from the work of 
De Beer (1963). It was found that there was linear relation between Nγ and footing width on 
log-log scale. Incorporating with the stress-dependent friction angle obtained from triaxial 
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tests, Zhu et al. (2001) have examined the scale effect on the bearing capacity and shape 
factor for strip and circular footings resting on dry dense sand with the application of the 
method of characteristics. The triaxial friction angle was decreased by 10% to account for the 
plane strain conditions. Based on results from a comprehensive series of calculations by 
employing the extended slip line method, Ueno et al. (2001) reappraised size effects on 
bearing capacity and investigated the relationship between strength parameters of sand and 
size effects on bearing capacity, in which tanϕ is assumed to vary linearly with mean normal 
stress σm on a log-log scale. A modified formula was proposed to compute the bearing 
capacity. 
As reviewed in Chapter 2, the formulations of upper and lower bound limit analyses in 
conjunction with finite elements and linear (Sloan 1988; Sloan and Kleeman 1995), nonlinear 
(Lyamin and Sloan 2002a, b), or SOCP (Makrodimopoulos and Martin 2006, 2007) provide a 
practical, efficient, and accurate method for determining the collapse load of geotechnical 
structures with arbitrary geometries and load conditions. Therefore, Kumar and Khatri (2008a, 
b) investigated the effect of footing width on bearing capacity for rough and smooth strip 
footing by means of lower bound limit analyses with finite elements and linear programming 
developed by Sloan (1988), in which two well-defined ϕ-σm curves from the literature 
associated with Hoston and Toyoura sands are used. A solution is obtained by using an 
iterative procedure, to account for the variation of ϕ with σm. 
7.3 Problem definition 
7.3.1 Chosen domain and mesh details 
The present study concerns the determination of the bearing capacity of a strip footing with 
width B subjected to a general load Q with eccentricity e from the centerline and inclination α, 
together with the stress boundary condition, as shown in Figure 7.1. The dimensions (i.e., h 
and L) of the domain are chosen large enough to ensure that the magnitude of the collapse 
load remains almost unchanged. A similar mesh as presented in Figure 4.1b will be used here. 
7.3.2 Mode of loading 
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Figure 7.2 summarizes the mode of loading and sign conventions for loads as suggested by 
Ukritchon et al. (1998). A footing of width B under a resultant force Q at eccentricity e, and 
inclination angle α, can be represented by three statically equivalent forces V, H, and M 
(Figure 7.2c). A “negative” load combination (Figure 7.2b) means that the eccentricity vector 
points in the direction opposite to that of the horizontal load component, otherwise, it 
indicates a “positive” load combination (Figure 7.2a). These modes correspond to different 
combinations of horizontal load and moment, i.e., M-H plane, as illustrated in Figure 7.2d. 
 
Figure 7. 1. General layout of the problem 
7.3.3 Soil properties 
It is well-known that actual failure envelopes for granular materials are convex. Maeda and 
Miura (1998) investigated the confining stress dependency of deformation-failure behaviors 
of about 80 granular materials in conventional triaxial compression tests. They found a linear 
relationship between log(tanϕ) and log(σm). Based on these results, the stress dependency of 
friction angle ϕ can be written as follows (Ueno et al. 1998, 2001) 
 tan tan ;  a m a m m t

      

   
                                      (7.3.1) 
where σt is tensile strength; ϕ
*
 is the secant friction angle; σa is the reference atmospheric 
stress equal to 98 kPa; σm is the mean principal stress given by (σx+σy)/2; parameters a

(can be 
determined by experiment) and ξ were introduced to express the assumed linearity between
tan and m

on log-log scale. According to Maeda and Miura (1998), the value of ξ for 




           
Figure 7. 2. Load geometry of combined inclined and eccentric loaded footings: (a) “positive” loading 
combination; (b) “negative” loading combination; (c) positive convention for equivalent forces V, H, 
and M; (d) modes of loading 
A small cohesion in the range of 0.002-0.015kPa was assigned to the soil, in order to 
successfully determine the collapse load from the unit weight of the soil mass alone. As 
pointed out by Ueno et al. (1998), the stress range to be interested in the soil beneath the 
footing base is in proportion to the value of γB, where γ is the unit weight of soil, and 
therefore, higher stress for larger footing size leads to a lower friction angle, as illustrated in 
Eq. (7.3.1). As a consequence, Nγ will decrease with an increase in γB. 
7.3.4 Remarks 
Herein, the soil friction angle ϕ* varies with σm. Since the value of σm is a function of the 
coordinates, the magnitude of ϕ* will be no longer constant within the chosen domain. As a 
result, the solution was obtained by using a trial and iterative procedure as suggested by 
Kumar and Khatri (2008a, b). In the beginning, ϕ* was assumed to be constant throughout the 
chosen domain, and then the magnitude of the collapse load together with the variation of the 
nodal stresses can be determined. In the next step, from the computed values of σm at all the 
nodes, the new values of ϕ* can be assigned at all the nodes by using Eq. (7.3.1). 
Subsequently, a new solution for the collapse load was again obtained and compared with the 
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previous solution. This procedure was repeated over and over again to obtain a desired result. 
In this study, the analysis was terminated when the magnitude of Nγ became constant up to the 
second decimal place. 
Table 7. 1. Vertical limit load values, where constant value of ϕ is used 
ϕ (°) e/B α (°) 
V (kN) 
Present analysis Loukidis et al. (2008) 
30 0 0 146.5 153.7 
35 0 0 334.8 360.9 
40 0 0 865.9 890 
45 0 0 2235 2457 
30 0.083333 0 110.8 110 
30 0.166667 0 69.2 70.3 
30 0.333333 0 17.6 17.7 
35 0.041667 0 302.8 310.2 
35 0.083333 0 252.8 256.6 
35 0.125 0 206.3 209.6 
35 0.166667 0 159.9 165.3 
35 0.25 0 92.6 92.1 
35 0.333333 0 40.07 41.7 
40 0.083333 0 612 632 
40 0.166667 0 389.6 409 
40 0.333333 0 98.2 103 
30 0.083333 5 68.1 88.6 
30 0.166667 5 44.6 57.4 
30 0.333333 5 11.9 14.9 
30 0.083333 15 42.3 45.8 
30 0.166667 15 28.3 29.7 
30 0.333333 15 10.1 7.9 
35 0.083333 5 182.4 208 
35 0.166667 5 100.7 135 
35 0.333333 5 26.5 34.6 
35 0.083333 10 146.3 155 
35 0.166667 10 102.5 101.2 
35 0.333333 10 26.3 26.5 
35 0.083333 15 104.4 108.5 
35 0.166667 15 87.3 70.3 
35 0.333333 15 22.6 18.7 
40 0.083333 5 420.7 503.2 
40 0.166667 5 285.5 332 
40 0.333333 5 62 85.1 
40 0.083333 15 233.4 255 
40 0.166667 15 161.1 171.4 
40 0.333333 15 40.1 44.5 
35 0.333333 -5 29.26 40.4 
35 0.083333 -10 183.7 205 
35 0.166667 -10 120.5 142.9 
35 0.041667 -13.9 121 162 
35 0.125 -11.2 150 162 
7.4 Results and discussion 
7.4.1 General observations for failure mechanism 
Some typical results for the plastic zone and velocity field with ϕ=35° are illustrated in Figure 
7.3 through Figure 7.6. For centrally and vertically loaded footings, the lower bound plastic 
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zone and velocity field is in close agreement with those solutions from the method of stress 
characteristics (Martin 2005) as shown in Figure 7.3. It can be found from Figure 7.3a that 
there is a non-plastic and curved triangular wedge beneath the footing base. As for footings 
under an inclined load, the mechanism as shown in Figure 7.4 is largely one sided and a rigid 
tapered wedge developed under the footing base. With regard to case of a vertical eccentric 
load, the collapse mechanism as illustrated in Figure 7.5 consists of a “wedge” part and 
“scoop” (rotation) part as suggested by Bransby and Randolph (1998). The “wedge” part lies 
to the loaded side of the footing, and the plastic shearing in the “scoop” part locates on the 
other side of the mechanism. For positive load combination, the “scoop” part of the 
mechanism vanishes and becomes similar to that observed for central inclined load, which are 
presented in Figure 7.6a. In the case of negative load combination, the mechanism still 
contains the “wedge” and “scoop” part, as illustrated in Figure 7.6b. In summary, the above 
observations as well as the vertical limit load for different values of load inclination and 
eccentricity as shown in Table 7.1 agree well with those obtained from advanced finite 
element analyses by Loukidis et al. (2008). As expected, the larger the load eccentricity 
and/or load inclination are the smaller the mechanism extent, which results in a smaller 
bearing capacity. 
 
Figure 7. 3. Plastic zone (a) and velocity field (b) for foundations under central and vertical loading, 
where ϕ=35° 
 
Figure 7. 4. Plastic zones (left) and velocity fields (right) for foundations under inclined loading: (a) 




Figure 7. 5. Plastic zones (left) and velocity fields (right) for foundations under eccentric loading: (a) 
e=1/8; (b) e=1/4, where ϕ=35° 
 
Figure 7. 6. Plastic zones (left) and velocity fields (right) for foundations under eccentric and inclined 
loading: (a) α=10°, e/B=1/6, “Positive” load combination; (b) α=-10°, e/B=1/6, “negative” load 
combination, where ϕ=35° 
7.4.2 Case of constant friction angle 
7.4.2.1 Vertical loading 
For validation purpose, numerical lower bound limit analysis is used to compute the vertical 
bearing capacity of a shallow foundation on sand. At present the analytical value for Nγ 
remains unknown, however, Martin (2005) recently published a set of high-precision Nγ 
values by using the method of stress characteristics. For perfectly rough footing, the 
comparison between the present lower bound solutions between those of Ueno et al. (2001) 
by using the method of stress of characteristics, Martin (2005), and the lower and upper 
bounds provided by Hjiaj et al. (2005) is presented in Figure 7.7, where ϕ varies from 20° to 
45°. It can be seen that the present analyses are very close to the results of Martin (2005), and 
are well bracketed in the lower and upper bounds of Hjiaj et al. (2005). However, Ueno et al. 
(2001) gives a higher prediction of Nγ. The maximum difference 26% is obtained for the 
extreme case of ϕ=45°. Some results for Nγ are summarized in Table 7.2. This may due to the 
employment of a triangular, rather than a curved wedge in the method of stress characteristics 
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beneath the footing base. A similar phenomenon has also been observed by Kumar and Khatri 
(2008b). 
Table 7. 2. A comparison of Nγ values for a rough footing with available solutions from the literature 
ϕ (°) 
Present analysis Ueno et al. (2001) Kumar (2003) Martin (2005) Hjiaj et al. (2005) 
a b c d e f 
20 2.68 3.261 3.43 2.839 2.82 2.96 
25 6.15 7.577 7.18 6.491 6.43 6.74 
30 13.99 17.7 15.57 14.75 14.57 15.24 
35 32.66 42.316 35.16 34.48 33.95 35.65 
40 80.21 101 85.73 85.57 83.33 88.39 
45 213.09 297.098 232.84 234.2 224.95 240.88 
            Note: the same value of ϕ was used everywhere in the domain for the present analysis. 
                      a: lower bound limit analysis with finite elements and SOCP. 
       b: method of characteristics using a triangular wedge below the footing base. 
       c: method of characteristics using a curved wedge below the footing base. 
      d: method of stress characteristics. 
      e: lower-bound limit analysis with finite elements and nonlinear programming. 
            f:  upper-bound limit analysis with finite elements and nonlinear programming. 
7.4.2.2 Effect of load eccentricity 
With regard to eccentric loading, the failure locus lying in the M/BVmax-V/Vmax plane as 
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                                        (7.4.1) 
in which η1 and η2 are two fitting parameters. 
Figure 7.8 shows the normalized failure envelope generated from the lower bound limit 
analysis for different values of ϕ (where ϕ=25º, 30º, and 35º). It can be seen that the shape and 
size of the V-M cross section seems to be independent of ϕ  with Mmax being approximately 
equal to 0.76VmaxB at a value of V around 0.46Vmax, where e/B is about 1/6. This is in an 
excellent agreement with those of Loukidis et al. (2008). The experiments for Mmax are in a 
range from 0.075VmaxB to 0.1VmaxB (Gottardi and Butterfield 1993; Okamura et al. 2002). The 
failure locus obtained from the concept of effective width can also be written as the form of 
Eq. (7.4.1). In Gottardi and Butterfield (1993), η1=0.36 and η2=1, which was obtained from a 
series of load tests. Loukidis et al. (2008) proposed a similar form of Eq. (7.4.1) based on the 
finite element results, where η1=0.44 and η2=0.625. Using the finite element lower bound 
limit analysis based on nonlinear programming, Krabbenhøft et al. (2012) proposed a fourth-
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+a4x, where the coefficient a1, a2, a3, 
and a4 is the function of friction angle. 
 
Figure 7. 7. Bearing capacity factor Nγ from numerical lower bound limit analysis compared with the 
existing solutions 
For ϕ=35º, the comparison between the present analyses and the existing solutions is 
presented in Figure 7.9. The present analyses are almost identical to the finite element results 
of Loukidis et al. (2008), which are conservative compared with Gottardi and Butterfield 
(1993). This can be explained by the fact that the results of Gottardi and Butterfield (1993) 
are based on small-scale 1g tests, in which the friction angle is strongly influenced by the 
stress level. On the other hand, the discrepancy between the present analyses and those of 
Krabbenhøft et al. (2012) can be due to (i) the finite element mesh, (ii) the optimization 
method. In the present method, the problem is formulated as a SOCP optimization problem, 
where the yield criterion is employed by its native form. However, the yield restriction is 
smoothed due to non-differentiability and Hessian singularity in the nonlinear programming 




Figure 7. 8. Normalized failure locus in the VM plane for different values of ϕ 
 
Figure 7. 9. Comparison between the present lower bounds and the existing solutions for the failure 
envelope in the VM plane 
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The results of Eq. (7.4.2) are also plotted in Figure 7.9. It shows a reasonable prediction of the 
failure envelope, which is same as the approximation proposed by Loukidis et al. (2008). 
7.4.2.3 Effect of load inclination 
Similarly, the interaction diagram in the H/Vmax-V/Vmax plane has been shown to have a 
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Figure 7. 10. Normalized failure envelope in the HV plane for different values of ϕ 
Figure 7.10 presents the results of the normalized failure locus in the H-V plane for 
different values of ϕ (where ϕ=25º, 30º, and 35º). It shows that the friction angle has a small 
effect on the normalized failure envelope. According to this fact, Loukidis et al. (2008) 
proposed an interaction diagram which is a function of the friction angle. The lower bound 
limit analyses yield Hmax being approximately equal to 0.11Vmax with a value of V around 
0.49Vmax (corresponding to α nearly equal to 12.5º). The empirical inclination factors of 
Hansen (1970) and Vesić (1975) summarized in Table 6.1 can be converted to the form of Eq. 
(7.4.3). For the factor of Hansen, η1=1.43 and η2=0.2, and η1=1 and η2=1/3 for Vesić’s factor. 
Based on the finite element results, Loukidis et al. (2008) has also obtained a failure locus in 
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the form of Eq. (7.4.3). For ϕ=35º, the comparison between the present results and the 
existing solutions is illustrated in Figure 7.11, which is very close to the finite element 
analyses provided by Loukidis et al. (2008), while the expression of  Hansen yields 
conservative predictions. 
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                                        (7.4.4) 
The prediction of Eq. (7.4.4) is also plotted in Figure 7.11. 
 
Figure 7. 11. Comparison between the present lower bounds and the finite element results for the 
failure locus in the HV plane 
7.4.2.4 Combination of load eccentricity and inclination 
In order to account for the effects of load eccentricity and load inclination on the bearing 
capacity of surface footings, especially in case where the eccentricity vector points in the 
direction opposite to that of the horizontal load component (i.e. “negative” load combination), 
an ellipse equation for H-M failure envelope was generally developed (e.g. Gottardi and 
Butterfield 1993; Gottardi et al. 1999). In this way, this ellipse equation can be written as 
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where c1 is a fitting parameter; He=0 is the horizontal load for e=0; and Mα=0 is the moment for 
α=0, respectively. 
The finite element results of Loukidis et al. (2008) can be best fitted using a c1 value 
equal to 0.534. It was found from Figure 7.12 that the lower bounds are in a good agreement 
with the results of Loukidis et al. (2008). 
7.4.3 Case of variable friction angle with stress level 
7.4.3.1 Vertical loading 
In order to account for the effect of footing width, Shiraishi (1990) and Ueno et al. (2001) 
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where N

is a reference value of Nγ obtained by using a constant value of ϕ, termed as ϕ*; B
*
 
is a reference footing width; p
*
 is the reference base pressure; and β is a parameter 
representing the degree of stress level effects. 
For a series of centrifugal model loading tests on surface strip footings by Okahara et al. 




/σa, and β. In this case, 
tan 0.425 0.05a rD
   and 0.05  in Eq. (7.3.1). The sand used in this test was air-dried 
Toyoura sand, with three different relative densities Dr of 58%, 74%, and 88% were 
employed. Substituting these values into Eq. (7.4.6) can be used to validate the present lower 
bounds of Nγ. The comparison of the results for different footing widths were summarized in 
Table 7.2. It can be noted that Nγ decreases with an increase in footing width and the present 
Nγ values were lower than those given by Ueno et al. (2001). The difference between the two 
analyses reduces with an increase in the footing width. The higher values of Nγ given by Ueno 
et al. (2001) maybe due to the employment of a triangular, rather than a curved wedge 
beneath the footing base, which was also noticed from Figure 7.7 where ϕ is constant 
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everywhere in the chosen domain. Therefore, a reduction factor about 0.7 according to the 
data presented in Table 7.2 is applied to the results of Ueno et al. (2001). 
 
Figure 7. 12. Comparison between the present lower bounds and the finite element results for the 
failure locus in the HM plane 
 




) under central and vertical loading 
Following Shiraishi (1990) and Ueno et al. (2001), the variation of Nγ/ N

with B/B* was 
plotted on a log-log scale as shown in Figure 7.13, which was found almost linear, when B 
was in a range of 0.3m-5m. This phenomenon has already been observed by Kumar and 
Khatri (2008b) by using the finite element lower bound limit analysis in conjunction with 
linear programming. 
7.4.3.2 Cross-section in the VM plane 
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For different footing widths, the following equation is used to approximate the present lower 
bound limit analyses with the effect of footing width: 
Table 7. 3. Comparison of Nγ for different footing widths with the method of stress characteristics 
ϕ* (°) γ (kN/m3) α width B (m) 






/σa β Nγ Nγ 
41.2 15.7 0.05 
0.3 
132 0.143 0.237 
170.9 112.94 
0.6 145 100.32 
1 128.5 90.14 
1.4 118.6 83.74 
2 109 77.72 
3 99.04 69.61 
4 92.51 65.46 
5 87.75 63.43 
39.2 15.2 0.05 
0.3 
85.5 0.176 0.228 
115.8 86.37 
0.6 98.87 74.54 
1 88 68.93 
1.4 81.5 60.46 
2 75.14 58.25 
3 68.5 51.3 
4 64.15 50.5 
5 60.97 47.89 
36.7 14.7 0.05 
0.3 
57.5 0.24 0.218 
82.82 57.08 
0.6 71.21 51.83 
1 63.7 46.53 
1.4 59.2 43.48 
2 54.77 40.52 
3 50.14 36.29 
4 47.09 33.69 








                                        (7.4.7) 
The lower bound solutions together with the prediction of Eq. (7.4.7) for the failure 
envelop of shallow foundation on sand subjected to eccentric loading were presented in 
Figure 7.14. When ϕ is a function of σm, the maximum value of M/(BVmax) is about 0.085 with 
V/Vmax=0.5, which is consistent with the model tests and finite element analyses provided by 
Okamura et al. (2002). The effect of footing width on the dimensionless failure envelope in 
the V-M plane is very limited. The failure envelope for the case of constant friction angle 
provides a lower limit. Interestingly, Eq. (7.4.7) is close to that of Gottardi & Butterfield 
(1993). It is because that the results of  Gottardi & Butterfield (1993) are based on small-scale 





Figure 7. 14. Effect of footing size on failure envelope in the VM plane 
 




) under central and inclined loading 
As similar to the case of vertical loading, the footing width has a significant effect on the 
bearing capacity factor Nγ can be observed in Figure 7.15, and it also shows that log(Nγ/ N

) 
varies linearly with log(B/B
*
). The value of β is in a range of 0.1-0.3 which is consistent with 
the results of Ueno et al. (2001). 
7.4.3.3 Cross-section in the HV plane 
Similarly, the results obtained from the present lower bound analyses with the stress level 
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The lower bound results together with Eq. (7.4.8) for the V-H envelope for different 
footing widths were illustrated in Figure 7.16. It was found that Hmax is approximately equal 
to 0.12Vmax at V/Vmax=0.45. This is consistent with experimental values of Gottardi et al. 
(1994). Also, the footing width has a negligible effect on the normalized failure envelope in 
the H-V plane. Note that the constant friction angle envelope represents a lower limit. 
In terms of the bearing capacity factor Nγ, Figure 7.17 illustrates that log(Nγ/ N

) 
decreases linearly with log(B/B
*
) for the case of inclined loading. The computed values of β 
for different load inclinations is in a range of 0.1-0.3, which is in agreement with the range of 
0-0.6 as defined by Ueno et al. (2001). 
 
Figure 7. 16. Effect of footing size on failure envelope in the HV plane 
 








This chapter investigated the effect of footing size on the bearing capacity factor Nγ and the 
failure envelopes of shallow foundations on sand under combined loading by using the 
method illustrated in Chapter 2, in which a relationship between tan(ϕ) and mean principal 
stress σm was used to account for the dependency of ϕ on the stress level. 
From the numerical lower bound limit analyses, the following conclusions can be drawn: 
(1) The footing width has a significant effect on the bearing capacity of surface footings 
on sand. In this case, a sharp decrease in the bearing capacity with an increase in 
footing width is observed. 




) is found to be almost linear both for the 
case of vertical loading, eccentric or inclined loading. 
(3) An insignificant effect of footing width on the dimensionless failure envelope in the 
V-H or V-M plane is observed. In order to easily use the present analyses and predict 





Chapter 8 Conclusion and Future work 
8.1 Summary 
Recent developments of upper and lower bound limit analyses in conjunction with finite 
elements and linear (Sloan 1988; Sloan and Kleeman 1995), nonlinear (Lyamin and Sloan 
2002a, 2002b) programming, or SOCP (Makrodimopoulos and Martin 2006, 2007) offer an 
efficient approach to practical stability calculations in geotechnical engineering. In this thesis, 
the existing formulation for plane strain problems developed by Makrodimopoulos and 
Martin (2006) was used. On the other hand, following the terminology of Khatri and Kumar 
(2009a), a new formulation, which is computationally much more efficient and easier to 
implement, has been proposed to solve various axisymmetric problems. 
Compared with the conventional finite element method, the present lower bound 
formulation is much simpler to adopt since the complete description of load-deformation up 
to failure is not required. In relation to the method of stress characteristics or limit equilibrium 
technique, the present method is much easier to deal with problems involving complicated 
stress boundary conditions, layered soil media especially for spatially random soils, and any 
arbitrary problem geometries. Furthermore, although limit equilibrium techniques are simple 
and widely used in practice, there is a need to presuppose an appropriate failure mechanism in 
advance. This feature can lead to an inaccurate prediction of the ultimate collapse load for 
complex problems above. 
In the axisymmetric case, using the lower bound limit analysis incorporated with finite 
elements and SOCP as shown in Section 2.2.2, the bearing capacity of circular footings, 
stability of a single circular anchor embedded in clay and sand, and the ultimate capacity of 
multiplate helical anchors in clay have been investigated in detail. The obtained results are 
validated with the existing results. 
For plane strain case, the effect of soil inertia on the stability of inclined anchors 
(including two special cases, i.e. horizontal and vertical anchor), and the passive earth 
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pressure on rigid walls embedded in frictional soils is evaluated by using the existing 
formulation as described in Section 2.2.1. By combining the existing UB solutions, the actual 
collapse load can be bracketed. 
The third part of this thesis is related to the bearing capacity of shallow foundations 
under combined loading. The motivation for this work comes principally from the offshore 
industry, in which the foundation is usually subjected to combined loading due to the wind, 
wave or earthquake forces. In this section, the bearing capacity of strip footings on slope 
under undrained combined loading and the effect of footing width on the bearing capacity 
factor Nγ and the failure envelopes of shallow foundations are evaluated subsequently, in 
which an assumed linear relation between tan(ϕ) and σm on the log-log scale is used. 
8.2 Conclusions 
Based on the various plane strain and axisymmetric lower bound limit analyses dealt in this 
thesis, the following major conclusions are drawn 
1. For all the axisymmetric problems studied in the present thesis, a very good 
agreement is noted between the present lower bound solutions and the results 
reported in literature. It is also found that the proposed axisymmetric lower bound 
limit analysis in combination with SOCP is computationally much more efficient for 
solving various axisymmetric geotechnical problems accurately, compared with the 
existing linear programming approach. For circular footings, the variation of bearing 
capacity factors Nc and Nγ and failure mechanisms with soil friction angle has been 
obtained. For circular anchors in undrained clay, the variation of break-out factor Nc 
with embedment ratio and overburden ratio has also been obtained. It was observed 
that the ultimate uplift capacity increases up to constant as an increase in embedment 
depth or overburden pressure. This indicates the transition from a shallow to deep 
failure of the anchor. A similar observation can also be noted for multiplate helical 
anchors in clay. When an anchor is embedded in sand, the ultimate capacity 
increases with an increase in soil friction angle, and the failure mechanism always 
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extends up to the surface, regardless of the embedment depth. The numerical 
solutions obtained from this study is found match quite well with the existing 
solutions reported in literature. 
2. For passive earth pressure, the present lower bound solutions are smaller than those 
of Caquot & Kérisel based on the method of characteristics and the existing upper-
bound solutions. In the presence of soil inertia, the design table for great values of ϕ, 
δ, β and negative values of λ provided by Caquot & Kérisel (1948) should be used 
with caution. By combing with the upper-bound solutions of Soubra (2000), the true 
collapse load can be bracketed within 18%. 
3. For stability analysis of inclined anchors, it was also shown that the capacity of 
anchors increases with an increase in the soil internal friction angle, the embedment 
depth, and the anchor inclination angle from horizontal to vertical direction, and also 
decreases with increasing of soil inertia. In particular, because the anchor is 
embedded in soil to resist the pullout force, the effect of vertical soil inertia should 
be considered in practice for safety. The present results were also compared to the 
solutions reported earlier in literature and provide conservative predictions of the 
ultimate capacity of inclined anchors. 
4. For bearing capacity of strip footings on slope under undrained combined loading, 
numerical lower bound limit analysis in conjunction with the scaling concept is used 
to derive a set of Green-type solutions to account for the effects of slope inclination, 
soil strength parameters. Therefore, these solutions can be viewed as a generalization 
of the Green solution, which is exact for the case of obliquely loaded strip footings 
on horizontal ground surface. Consequently, a practical procedure is suggested for 
practical design. 
5. The magnitude of Nγ for a strip footing on sand is found to decrease significantly 
with an increase in the footing width B, load inclination α as well as load eccentricity 




 with B/B* has been found to be almost linear on a log-log scale under the vertical, 
inclined, or eccentric loading. For vertical case, this observation is quite similar to 
that reported earlier in literature. It has also been noted that the footing size has a 
significant influence on the failure envelopes. The obtained failure envelopes are 
also in a good agreement with finite element analyses and experimental results from 
literature. The velocity fields obtained from the present lower bound limit analysis 
suggest all the mechanisms were based on two different component mechanisms, 
namely, the “scoop” and “wedge” mechanism, which is in a good accordance with 
results from the finite element analysis. 
8.3 Limitations and future work 
Although the lower bound limit analysis with finite elements and SOCP has been applied to 
various geotechnical problems successfully, it should be noted that the present method can 
only model the failure of soil, whereas the failure of structure cannot be considered. 
Ukritchon et al. (2003) described a modified version of numerical limit analyses combining 
the structural elements (beam and joint) with plane strain soil elements and established the 
ultimate resistance of laterally loaded piles and the stability of braced excavation. Later, 
Krabbenhoft et al. (2005) proposed a similar formulation including structural elements and 
applied it to ultimate capacity of sheet pile walls using nonlinear programming. More recently, 
Muñoz et al. (2013) also developed a method to consider the failure of sheet and rod. 
Therefore, introducing the structural elements with satisfying the equilibrium and yield 
criterion will make the present method to study a wider range of stability problems in practice. 
Secondly, the present work did not account for the effect of seepage force. In order to 
solve this problem, the element equilibrium, stress discontinuities between two adjacent 
elements, boundary conditions, and yield criterion should be formulated in terms of effective 
stresses. In this situation, the effective nodal stresses are treated as unknowns and also three-
noded elements are used to carry out the analysis. In practice, the pore-water pressure should 
be determined in advance by using the traditional finite element method (e.g. Zienkiewicz et 
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al. 2005), and then substituted into lower bound limit analysis to obtain new stability 
solutions of geostructures subjected to seepage force as well as the pseudo-static case. 
Following this methodology, Sloan (2013) attempted to discuss the slope stability in the 
presence of seepage. 
Thirdly, the present work focuses on two-dimensional cases, which is a simplification of 
the real problems. The research for three-dimensional limit analysis is very limited. Lyamin 
and Sloan (2002a, b) developed an efficient algorithm of nonlinear programming for 3D limit 
analysis. Yang et al. (2003) studied 3D bearing capacity of rectangular surface footings using 
the sequential quadratic programming method. However, nonlinear programming has 
subjected to some drawbacks, such as yield function non-differentiability and Hessian 
singularity for some cone-shaped yield restrictions. Recently, Krabbenhøft et al. (2007) has 
shown three-dimensional Mohr-Coulomb criterion can be cast as a set of conic constraints. 
Based on this fact, Krabbenhøft et al. (2008) and Martin & Makrodimopoulos (2008) have 
shown that SDP is suitable for performing limit analysis of three-dimensional geostructures 
obeying the Mohr-Coulomb criterion. The existing algorithm is computationally efficient for 
3D analyses of moderate size (several thousand tetrahedral elements). Therefore, in order to 
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